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PREFACE. 



^7^ HE theorems contained in the following 

Jheets are given without being demonjira-^ 

tedy excepting the firfl five : And as they are 

entirely new^ fave one or two at moji^ the au-^ 

\ thor expeSis their being publijhed even in thii 

tway may be agreeable to thofe that are not un^ 
^ ^ accu/iomed to /peculations of this kind. Such 
rv will eqfily allow, that to explain^ in a proper 

'7 «^^> fomany theorems^ fo general^ and offo 

"^ great difficulty as mojl ofthefe are^ would re- 
c^ quire a .greater expence of time and thought 
\ ^ than can be expeifed foon from one in the 
author* s fituation. fie therefore thought it 
was better they Jhould appear in the way 
they now are, . than lie by him till an uncertain 
hereafter. If any give themf elves the trouble 
to explain fome of thefe theorems, they will find 
their time and pains fiifficiently rewarded, by 
the difcovery of fever al new a^nd curious propo^ 
films that {^tberwife might have efcaped their 
obfervation. 

Edinburgh, 0^.i« 
1746, 



r 




f—i JMi ,w iq^iriiaBiiJwafcairyniBiot^c^ 



SOME 
GENERAL THEOREMS 

Of confidierablc ufe in 

The higher parts of Mathematics^ 

PROPOSITION I. Fig.u 

IF from A, the vertex of any triangk 
ABC, there be drawn AD to any point " 
D in the bqfe^ and DE, DF be drawn 
parallel to AC, AB meeting AB, AG 
in E, F, the fum of the rectangles BAE, 
CAP will be equal to the fquare of AD 
together ^th^Jo^ t - ^^ffgU BBC. 

About the triangle ABC let there be a 
circle defcribed, gnd let AD meet the circle 
in G 5 join BG, CG 5 and from the point E 
draw EH making the angle AHE equal to 
the angle ABG^ and produce AB to any 
point K. . " ^ .^ 

Becaufe the angles AHE, ABG are equal, 

the points E, B, G, H are in a circle j there^ 

fore the rectangle BAE is equal to the red- 

A angle 



[ ^ ] 

angle GAH. The angle EHD^will alfo be 
equal to the angle GBK, that is, to the angle 
ACG. And bccaufe AC, DE are parallel, 
the angles EDH, GAG will be equal ; there- 
fore the triangles EDH, GAG will be fimi- 
lar ; and therefore AC will be to AG^ as 
DH to PE : Therefore the redlangle con- 
tained by AC, DE, that is, the redangle 
CAF, is equal to the redtangle contained by 
AG, DH. But becaufe the redangle BAE 
is equal to the redlangle GAH, and likewife 
the redangle CAF equal to the redanglc 
contained by AG, DH, the fum of the reifl- 
angles BAE, CAF will be equal to the red- 
angle GAD, that is, equal to the redlanglc 
ADG together with the Iquare of AD. But 
the redangle ADG is [35.3.] equal to the 
redlangle BDC; therefore the fum of the 
redtangles BAE, CAF is equal to the fquarc 
of AD together with the redangle BDC. 

PROPOSITION II. Fig.2.2. 

In the right line AB take any point C between 
the points A, B; and from the points 
A, B, C let there be drawn right lines to 

any 
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mf point D ; the fquare of AD together 
with the Jpace to which the fquare of BD 
has the fame ratio that BC has to CA, will 
be equal to the reBangle BAC together with 
the fpflce to which the fquare of CD has 
the fame ratio that BC has to BA. 

I. When the point D [Fig. !•] is not in 
the line AB. 

Draw AE, DF parallel to CD, AB meet* 
ing BD, AE in E, F. 

Becaufe the fquare of BD is to the rcft- 
angle BDE as BD to DE, that is, as BC to 
CA, the redangle BDE will be the fpace to 
which the fquare of BD has the (ame ratio 
that BC has to CA. And becaufe the fquare 
of AF, that is, the fquare of CD, is to th^ 
reftangle EAF as AF to AE, that is, as 
BD to BE, or BC to BA, the reftangle 
EAF will be the fpace to which the fquare 
of CD has the fame ratio that BC has to BA, 
But [i.] the fquare of AD together with 
the reftahgle BDE, is equal to the redangle 
BAC together with the redangle EAF; 
therefore the fquare of AD together with the 
fpace to which the fquare pf BD has the 
A 2 farne 
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Ikme ratio that BC has to CA; is equal ta 
the rcdtangle BAG together with the fpacc to 
ivhich the fquare of CD has the fame ratio 
that BC has to BA. ^ E. D. 

2. When the point [Fig. 2*] is in the 
line AB, 

Draw CE perpendicular to AB, and let 
CE be equal to AC; join AE, BE} draw 
BF parallel to CE meeting AE in F5 
and draw DG parallel to CE or BF meet- 
ing AE, BE in G, H; and join GC, HC, 

Becaufe AC is equal to CE, AD will be 
equal to DG ; therefore the fquare of AD 
will be equal to twice the triangle ADG^ 
And becaufe the Iquare of BD is to the redl^ 
angle BDH, that is, twice the triangle BDH, 
as BC to CE, or CA, twice the triangle 
BDH will be the fpace to which the fquare 
of BD has the fame ratio that BC has to CA. 
Again, becaufe AC, CE are equal,' the reft-^ 
angle BAC will be equal to twice the triangle 
AEB ; and becaufe EG is to EF, that is, CD 
to CB, asGH to BF, or AB, CD willbe 
to GH as BC to AB: Therefore the fquare 
of CD will be to the redangle contain- 
ecj by CD, GJl, that is, twice the tri^ 

angle 
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angle GCH, or GEH, as BC to AB. There- 
fore twice the triangle GEH will be the 
Ipace to which the Tquare of CD has the fame 
ratio that BC has to AB, But it is evident, 
that twkc the fum of the triangles ADG, 
BDH is equal to twice the fum of the tri-» 
angles AEB, GEH ; therefore the fquare of 
Ad together with the ipace to which the 
fquare of BD has the fame ratio that BC has 
to CA, is equal to the redlangle BAC toge- 
ther with the (pace to which the fquare of 
CD has the fame ratjp that BC has to AB, 

Corollary. If from the vertex of any tri'- 
angle there be drawn a line bifaSing the bafe, 
the fum of the Iquares of the fides of the tri- 
angle will be equal to twice the fquare of the 
line bifcding the bafe together with the fum 
©f the fquares of the fegments of the bafe, 

PROPOSITION III. 

Theorem I. Fig. 4, 

Jt>/ there be arry regular ^gure ABC circutn-^ 
' /cribfd about a cirfde^ and from any point D 

• "uoiihin 
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nvitbin the figure let there be drawn DE, 
DF, DG perpendicular to the fides of the 
figure ; the fiim of the perpendiculars DE, 
DF, DG mil be equal to the multiple of 
the femidiameter of the circle by the number 
of the fides of the figure. 

Join DA, DB, DC. The figure ABG will 
be divided into as many triangles as there are 
fides in the figure; and becaufe every one of the 
triangles is equal to half the re^angle contained 
by the bafe and. the perpendicular drawn from 
the vertex to the bafe, and all the bafes are e» 
qual, becaufe the figure is regular ; therefore 
the film of all the triangles will be equal to half 
the reftangle contained by the fum of the per- 
pendiculars and one ot the fides of the figure} 
and therefore twice the figure will be equal to 
the recftangle contained by the fum' of the per- 
pendiculars and one of the fides of the figure. 
^ But the redtangle contained by the femidi2^me- 
ter of the circle and the fum of the fides of 
the figure, is equal to twice the figure : There- 
fore the redangle contained by the fum of 
the perpendiculars DE, DF, TX^ arid one 
€f the fides of the figure, is equal to the re^- 

awgle 
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Mgh contained by the femidiameter of tht 
circle and the fum of the fides of the figure ; 
and therefore the fum of the perpendiculars 

DE, DF, DG will be to the femidiameter of 
the circle, as the fum of thei fides of the figure 
to one of the fides of the figure, that is, as the 
number of the fides of the figure to one. 
Therefore the fum of 'the perpendiculars DE, 

DF, DG is equfil to the multiple of the femi- 
diameter of the circle by the number of the 
fides of the figure. ^ E. D. 

LEMMA I. Fig. 5. 

Let there 'be any circle ABC, and let AD be 
- a tangent to the circle m the ftmtt^A 5 Jrom 
the point A let there be drawn AB to any 
point B in the circle^ and let BD be perpen^ 
dicular to AD ; the fquare of AB will be 
equal to the rectangle contained by BD and 
the diameter. 

Let AC be the diameter of the circle, and 
jofe BC/ Becaufe the angles ACB, BAD arc 
[32.3.] equal, and the angles ABC, ADB 

likewifc 
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iikewife equals becaule both right, the trU 
angles ABC; ADB will be fimilar; there-^ 
fore AC will be to AB as AB to BDi 
Therefore the fquarc of AB is equal to the 
rcdlangle contained by BD> AC^ ^ E, Dk 

PROPOSITION IV. 

Theorem IL Fig.S.p 

Let the circumference of a circle be divided 
into any number of equal parts in the points 
A, B, C, &c. and from the points A, B, C^ 
&c. let there bi drawn right lines to any 
point D ; the fum of the fquares of AD, 
BD, CD, Gfr. will be equal to the muliiple 
oj eU fyuarc tf eht line drawn from the cen^ 
tre of the circle to the point D by the number 
of the points k^ B, C^&c. together with the 
multiple ofthefquare of the femidiameter by 
the fame number. 

I. When the point D [Fig. 6.] is in the 
circumference of the circle, it is to be (hewn, 
that the fum of the fquares of AD, BD, CD, 
(^c. is equal to twice the rpultiple of the 

fquare 



■I 9 r 

fqilztt of the fetnidiameter by the number of 
the points A, B, Q {^c^ 

Let there be a regular figure circurnfcribed 
^bout the circle^ touching the circle in the 
points. A, B, C, &c. and draw DE, DF^ DG 
perpendicular to the fides of the figure. Be^^ 
caufe the fquare of AD is [Lem. t.] equal 
to the rectangle contained by D£ and the dia« 
meter, and likewife the fquare of BD equal 
10 the redangle contained by DF and the 
diameter^ and fo on ; it is cvid^nt^ that the 
fum of the fquares of AD, BD, CD, &c. will 
be equal to the redangle contained by the fum 
of the perpendiculars DE, DF, DG,e?r.and 
the diameter. But becaufe [ 3. ] the /urn 
of the perpendiculars DE, DF, DG^ &c. is 
equal to the multiple of the femidiameter by 
oie number of the fides of the circumfcribed 
agure, that is, by the number of the point! 
A, B, C, &c, th(5 redlangle contained by the 
fum of the perpendiculars DE, DF, DG, &c. 
and the diameter, will be equal to twice the 
tnultipic of (he iquare of the femidiamcter 
by the number of the points A, B, C, &c^ 
Therefore the fum of the fquares of AD, BD, 
CD, (Sc, will be equal to twice the multiple 
JB <?f 
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h( the fquare of the femidiameter by thtf 
number of the points A, B, C, &c. ^ E. JD* 
. 2. When the point D [Fig. 7.] is not in 
the circumference of the circle^ it is to be 
fliewn, that the fum of the fquares of AD, 
BD, CD, &c. is equal to the muhiple of the 
fquare of the line drawn from the centre of 
the circle to the point D by the number of the 
points A, B, C, &c. together with the muU 
tiple of the fquare of the femidiameter by 
the fame number. 

Let E be the centre of the circle^ and join 
DE ; let D£ meet the circle in the point F 
on the other fide of the centre E^ and join 
AE, BE, CE, &c. AF, BF, CF, &c. The 
fquare of AD together with the ipace to 
vrhich the fquare of AF has the fame ratio 
that EF has to ED, will [ 2. ] be equal to 
the re&angle EDF together with the fpace to 
which the fquare of AE, or EF; has the fame 
ratio that EF has to FD, that is, together 
with the rcftangle EFD: And therefore the 
fquare of AD together with the fpace to which 
, ,jbft fquare of AF has the fame ratio that EF 
has to ED, w'ill be equal to the fquare of DF. 
The fame way it is (hown, that the fquare of 
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BD together with the Ipace to which the 
Iquarc of BF has the fame ratio that EF has 
to ED, is equal to the fquare of DF, and fo 
on : Therefore the fum of the fquares of - 
AD, BD, CD, &c. together with the fpace 
to which the fum of the fquares of AF, BF, 
CF, &c. has the fame ratio that EF has to. 
£D, will be equal to the multiple. of the 
fquare of DF by the number of the points^^ 
A, B, C, &c. But becaufe the fam of the 
fquares of AF, BF, CF, &c. is equal [by the" 
firil part of this] to twice the multiple of the 
fquare of EF by the number of the points 
A, B,,C, &c. the fpace to which the fum of 
the fquares of AF, BF, CF, &c. has the fame' 
ratio that EF has to ED, will be equal to 
twice the multiple of the redlangle FED by 
the number of the points A, B, C, &c. v 
Therefore the fum of the fquares of AD, BD, 
CD, &c. together with twice the multiple of 
the rcaangle FED by the number of the 
points A, B, C, &c. is equal to the multiple 
of the fquare of DF by the fame number : 
And therefore the fum of the fquares of AD,^ 
BD, CD, &c. is equal to the multiple of the 
fum of the fquaretj of DE, EF by the num-t 
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hti of the points A, B^ C, &c. ^E.IK 
Cor. I. Let there be two circles having 
the fame centre, and let the circumference of 
one of the circles be divided into any number 
of equal parts, and from the points of divifi*^ 
on let there be drav^n right lines to any point 
in the circumference of the other, the fum of 
the fquares of thefe lines will always be the 
lame. 

Con- IL Let there be tvw> regular figuresh 
infcribed in a circle, and from all the angles 
of both %ures let there be drawn right Unea 
to any point; the fum of the fquares of the 
lines drawn from the angles of the one, wiU 
be to the fum of the fquares of the lines 
drawn from the angles of the other, as the 
number of the fides of the one to thQ nam-* 
be^ of the fides of the other, 

L E M M A n. Fig. 8, 9, 

Let there ^ ^my number ef right lines A% 
AC, AP, AE, &c. interfeSing each other 
in the point A, at^d making all the angles 
about the point A equals let there be anf 
tirck pajjing through the point A i the dr-^, 

tt^mferen0 
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tumference of the circle mil be divided If 

the lines interfiling each other in the point 

, A into as manf equal farts as there are lines ^ 

1. When the circle does not tough any of 
the lines interfedting each other in the point 
A. [Fig.%.] 

Let AB, AC, AD, AE, C^c. meet the circb 
, in B, C, D, E, &c. Bccaufe the angles BAG. 
CAD, DAE, &c. arc equal, the fegments 
BC, CD, DE, tSc. will be equal. Let BE 
be the fcgment in which the point A is; 
draw BD, ED to any point D in the circle ; 
the angle BDE will he equal to the angle ad- 
jacent to the angle BAE, that is, to (he angle 
BAF, or BAC5 therefore the fegment BAE 
is equal to the fegment BC. 

2. When the circle touches one of the 
lines interfefling each other in the point A^ 

Let it touch AB, and let AG, AD, AE 
niect the circle in C, D, E. Becaufe the 
angle CAD is equal to the angle DAE, CD 
will beequajto DE, &c. Join CD; ancj 
l)ecaufe the angle ADG is equal to the angle 
CAB, tha; is^ to the an^le CAD^or DAE^ 

thp 
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ihc fegment AC will be equal to the fegmcnt 
CD, or DE. The lame way it is fliown, that 
the fegment AE is equal to the fegment DE, 
6t DC. Therefore the Lemma is evident. 
X' £' A 

PROPOSITION V, 

Theorem III. JFig. lo. li. 

* 

ij0t there be mf regular fgare circtmfcribed 
about a circle ^ -and from any point let tberi 
he drawn perfendietdars to the ^des of th^-. 

. figure^ and likewife a righuHne to the centres 

rf the circle i twice tbefum ^-the fquarei 

€f the perpendicular f to the fdes of the 

figure^ •will bf, equal to the multiple of tb^ 

', fquare of the line drawn /f the ^eutrf by the 
number of the Jides of the figure^ tog^her 
mtb twice the multiple of the fquare oftb^ 
fmidiameter by tkfame mmber^ 

J. When the number of the fides of thq» 
i^gure circurpfgribed ^bqut the girclc is even, 
{Fig. JO.] 

Let ABCDEF, ^c, he any regular figure 
©fan even Bumber of fides ciicumfcribed about 



i >5 1 

t circle, and from any point G let there bo 
drartrn GH, GK, GL, GM, GN, GO per- 
pendicular to the fides of the figure, and let a 
be the centre of the circle, and join Ga ;. 
twice th^ futn of the fquares of GH, GK, 
GL, GM, GN, GO, &c. will be equal ta 
the multiple of the fquare of Ga by the nuitt-^ 
ber of the fides of the figure, together with 
twice the multiple of the fquare of the femi-* 
diameter of the circle by the fame number* 

Let the circumfcribed figure touch the cir^ 
clc in P, Qj^R, S, T, V, &c. and join GP^ 
G(^ GR, GS, GT, GV, &c. join aP, ^Qj^ 
aK, &c. and draw GX, GY, GZ, &c. per- 
pendicular to tfP, aQ^aK^ &c^ 

Becaufe the number of the fides of the cir- 
cumfcribed figure is even, it is plain, that ^ P^, 
iiQy^aK^&c. will pafs through the oppofite 
points of contadt, that is, through the points 
^, T, V J and therefore the number of. h'nes 
i0terfe<aing each other in the point a will be 
half the number of the fides of the figure^ 
and all the angles round the point a will be 
jequal. Becaufe the fum of the fquares of 
QH, GX is equal to the fquare of GP, and 
the fum of the fquares of GK, GY equal to 

the 
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the Iquare of i3Qi_and fo on ; it is cvidcht^ . 
that the fum of the fquares of GH, GK, GL, 
GM, GN, GOj (3c. together with twice the 
fum of the fquares of GX, GV, GZ, &c, 
is equal to the fum of the fquares of GP, GQ*^ 
GR, GS, GT, GV, &c^ that is, [4.], equ^ 
to the cnuhiple' of the iquare of Ga by thaf 
number of the fides of the figure together with 
the muhiple of the fquare of the feoiidiameter 
of the circle by the fame number t There&ird 
twice the fum of the fquares of GH, GK^ 
GL^ GMj GNj GO^ &c. together with four 
times the fum of the fquares of GX, GY^ 
GZ^ &c, will be equal to twice the multiple 
of the fquare of Qa by the nudiber of the fidei 
of the figure together with twice the multiple 
of the fquare of the feoiidiameter of the circle 
by the fame number* Again, Becaufe tha 
angles GXa^ GZ^, GY^ are rights the pints 
X, Y^ Z will be in the circumference of the 
circle whofe diameter is Qa ; and becaufe th« 
circle pafles through the point a^ the circum^ 
fcrencc will be divided into equal parts in the 
points X, Y, Z as many in number as there 
are right lines ^P, nf^aK^ &c. [Lem.i.y. 
JSifed G^ in ^ ; the fum of the fquares of GX^ 



Ki% OZ, &C, win [4*] be e^t>«| t(E> twice tW 
tnultipie of the fqaare of Gi by the number o£ 
the HoejtfP» i«Qs_aR) @tf..tb&t%T(^'«*"^ <^® 
Quiaber of the Uiws^tP, <? (^ «R, {^r> is equal 
to :h»if (JiQ nunsber of the fidc$ of the figure),, 
eq^allQ the multiple of the fqvare of G^ by, 
^oiuDber of the fides of the cinquoDicribed 
igu(« } And tberelbFe fcmr times the fiun of 
<hc fqgi««s of GX, GY» GZ» ^c will be c- 
qual to the multiple of the iquat« oioG by 
the number of the fides of the figure. Thereat 
tore twice the fiun of the iqtnres of GH, GK» 
GL, GM, GN, GO. &c. together with thq 
multiple of the iquare of Ga by the number 
of thefid«$oC theciircumfcribed %ure, will be 
equal to twice the miilliple of the iquare of Gdi 
py'tka Oumber qf the fides of the figure U>* 
ge^e; with twke the muhipie of the fquare 
pfthalemidiviMtef: by the lame number: And 
therefore the Xvim c^ the fquares of GH, GK, 
GL, GM» GN, G0» &e, will be equal to th<j 
muk^fi of the fquare of G<7 by the number 
f^ ii» fides of the figure together with twice 
^u\ultiple of the fquace of the femidiameter 
by tho iame nvmber. 

. SL, Whm the 9umber of the fides of the fi* 
C g«re 
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gure drcumfcribed about the drcle is odd^* 
[Fig. 11.] 

Let ABCDE, &c. be any regular figure of 
an odd number of fides circumfcribed about a 
circle, and from any pmnt F let there be 
drawn FG, FH, FK, FL, FM, &c. perpen- 
dicular to the fides of the figure, and let tf be 
the centre of the circle, and join Fa ; twice 
the fum of the fquares of FG, FH, FK, FL, 
FM, &c. will be equal to the multiple of the 
iquare of Fa by the number of the fides of the 
figure together with twice the multiple of 
the iquare of the femidiameter of the circle by 
the fame number. 

Let the circumfcribed figure touch the dr- 
cle in the points N, O, P, Q:_R, &c. and 
join FN, FO, FP, FC^FR, &c. jom^N, 
tfO, tfP, flQj_tfR, &c. and draw FS, FT, FV, 
FX, FY, &c. perpendicular to ^N, tfO, <jP, 
tfQjjflR, &c. Becaufe the fum of the fquares 
of FG, FS is equal to the fquare of FN, and 
the fum of the fquares of FH, FT equal to the 
fquare of FO, and foon; it is evident, that the 
fum of the fquares of FG, FH, FK, FL»" 
FMj &c. together with the fum of the fquares 
of FS, FT, FV, FX, FY, (^f. isequal to the 

fum 
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Cum of the fquarcs of FI^, FO, FP, FC^FR; 
&c. that is, [4.] equal to the multiple of thq 
^uare of Fa by the number of the fides of the 
^giire together with the multiple of the fquare 
of the femidiameter by the fame number; 
ihbr^fore twice tbQ fom of the fquares of FG, 
FH, FK, FL, FM, &c. together with twice 
the fum of the fquarcs of FS, FT, FV, FX, 
FY, &c, is equdl to twice the multiple of the 
iquare of F^ by the numberof the fides of the 
i^ui^e together with twice the multiple of the 
fquare of the^ femkliameter of the cbcle by the 
iaip^^ qumber . Again, Becauie the angles F^i 
TTa, FVa, FXa, FYa, C^c, are right, the 
fom S, T, y, X, T, &c. ; wUl be in the cir. 
cuinferenpe of the circle whpfe d^aipeter is F^ 
zf^ becaulo jthe circle pailbs, through the 
point tf, and , the lines ^N, aO, d?^ ^^Q^^R^ 
&c. make all the angles round the point 
fqnal, the circumference of the circle will be 
divided into equal parts in the points S, T, V» 
Xa y, 4^r. as many in nuojberTas. there are 
right lines oN.aO, a?, aQ^lk, &c. lLem.2.% 
gifea Fa in A i the fum of the fquares of FS^ 
f Ti FV, FX, FY, C^f, will he equal to twice 
the multiple of the iquare of F^ by the num^ 
Cz ber 
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bfcr of the Bocs ^N, tfO, tfP, rfQj^tfR, &c, 
[4.] that kj hy the number of the fides, of 
the Gkcumferibed figure $ and therefore tvinad 
the fum of the r^u<«<es of FS, FT, FV, F^; 
FY, &Ci will be«qual tothe multiple o£ tho 
£}Diire of Fit by the number of the fides of tha 
figure. Therefore twice the fura of the i^uAieft 
of FG, FH, FK, FL, FM, m. together with 
the mult^ df tht fquitfeiaf Fn by tbe4)ufti« 
ber of the fides of the figure, tt^l be equal to 
twice the multii^ of the fquare of^Fit by thi 
iiumber of the fides of the figure together widl 
twice the multiple q( tht fijuare of the &mi<* 
dkmeter of the circle by the 4nle nun^ri 
And dierefbre twice the fum of the fquafes of 
ro, FH, FK, FL, FM, m. wttl be equal td 
th6 multiple of the fquareof-Fa by the uum* 
ber of die fides of ihc figure together with 
i(Wice the multiple of the fquait of the femi4 
diameter dt the circle by ^ &me number^ 
l^jSi.D, ' ' 

* 'Cok. I, Let thfcre be any regular %ufe dr* 
tomfcribed about a circle, aot) from any point 
in the circumference of the circle let there be 
idrawn perpendiculats to the fides of the figure j 
Itwce the iiimof the iquarcs of the perpeni 
-■ ' 4icular» 
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dtcokn will be eqdal to thrice the Multiple 
of the %uafc of the ftmidiatnettr of the circle 
by^he Attmber of the fides of the figare. . 
- Cor. il. Let there be two circles having 
the fiime centre, im4 from any {xunt in the 
circun^ference of the one let there be drawn 
perptndicukrs to the fides of aay regular fi^ 
£ure ctrcomfcribed about the other; the funl 
of dieiquarUs of tbc(e perpendiculars will al^ 
ways be the iame. 

Cott«:IIL Let there be tWorq;ular %)rea 
drtutttfctihsd about a circle^ and firom any 
point let there be dtawii perpendiculars to the 
fides <4 both figures) tl» fum of the fquares 
6f the perpendiculars drawn to the fides of th« 
one, will be to the (van of the fquarts of th* 
perpendiculars dnivi^n to the fides of the other^ 
as ibt Qttdtiber of the fides of the one to th9 
iMux^r of th9 fi406 of the other« 

IPROPOSITtON VI. Fig.i2.i2. 

. . , . . * . 

l^ABietiiff ptiiiits in the fmidiilneter tf 
ft 'tirck vboji etntre is C» and kt tbt 
ft&Offgk ACB k tqualtt tbefquafe of tbi 
Jmdfomttr i kije&.h^ in D, 0id drfl-itf 
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DE perpendicular to AP 5 from the poini 
A draw A¥. to any pohd F in the circle^ 
and draw FE perpenJ&cular to VfGk\.tbt 
fjuare tfA¥ will be equal to twice tie reS* 
an^le contained by AC, FE« 

Let CG be equal ta AC, and join GFj 
let EF meet the circle iii H, and join AH^ 
GH, AE, CE, CF, CHj and let CE meet 
the circle in K, L. . 

The fquare ci CD'is eqtHal to the rectangle 
ACB together with the fquare 'of AD, that 
is, equal to the iqua^e of the fcmidiameter to-» 
gether with the fquare of AD, Add the iquare 
of DE to both; and the fquare of CE will 
be equal to the fquare of the femidiameter to* 
gether with the fquiard of AE. Take away 
the fquare of the femidlameter from both; 
and the fquare of AE will be equal to tha 
redangle KEL, that is, equal to the redangle 
FEH : And therefore F^ is to AE, as AE to 
EH; Therefore the triangles AEF, AME 
are fimilar, and the angle EAF will be equal 
to the angle AHE, that is, equal to the 
angle HAG. Again, Bccaufe the angle ACF 
IS equal to the angle CFH^ that is^ equa| to 

th« 
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the angle CHF, or GCH, the angle ACH 
will be equal to the angle GCF; and becaufe 
AC, CH arc equal to GC, CF, the triangles 
ACH, GCF will be every way equal, and the 
angle CGF will be equal to the angle HAG, 
that is, equal to the angle EAF ; and becaule 
the angles EFA, FAG are equal, the tri- 
angles AEF, FAG will be fimllar ; and there- 
fore EF will be to AF, as AF to AG : There- 
fore the fquare of AF is equal to the redangle 
contained by EF, AG, that is, equal to twice 
the re<2angle contained by FE, AC. ^E.D. 

PROPOSITION. VII. 
Theorem IV. Fig. 14. 15. 

Ijet there be any circle wbofe centre is A, and 
let BCD be a fegment of the circle^ and 
BD the chord of the fegment ; about the feg-^ 
ment let there be any equilateral figure cir-* 
ctunfcribed touching the circle in the point i 
E, F, G, &c. and let the tico fides of the 
figure next to BD ineetBD in H, K; bifeSl 
the fegment BCD in F, and join AF-, in 
AF take the point L on the fame fide the 

: /.. centre 
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tiiiiri A ieitb tbi point .IF ^ and la tttd 
Jun of tbe fides of tU. figure tirctmfn-ih4 
about tbe fe^mnt be I0 HIC M the fm-^. 
diameter t9 AL} dfmt LM perpen^ctf^ 
lor to AL meeting tbi cirek iuM. J^. 
from tbe points E, F, G^ fe. tbe points of 
contaSi .of the ^rcumfiribed figurit and tbe. 
paint ht tbere be ^av^ right lines to at^ 
point N, the fnm of the ffuarts of EN» 
FN, ON, km, tmUbeepmlto the multiph 
ojtbefumof the fguares of LM, LN If 
tbe wtmboroftbe Jdes ^ the figure, 

1. Wh«ti the t^dnt N Is in the circumfe« 
rcnce of the circle. [Fig. 14.] 

In AF ^ke the pobt O, and let tlw reft* 
angle LAO be equal to the iquare of the 
femidlameter of the circle, and kt OP bft 
perpendicular to APj draw NP perpmdicu- 
!ar to OP j bifftSl LO in Qj^and let QR pa- 
rallel to OP meet NP in R j let NP, AG 
meet BD in S, T, and join AH^ AK, NH, 
NK ; and join likewiie AM } ^and draw NV, 
NX, NY, &c. perpendicular to the fides of 
the figure meeting the fidee of the figure in 
V,X,Y, ©t. 

Becauft 
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^Becauie the redangle LAO Is equal to the 
iquare of the femidkmeter of the circle^ that 
is, equal to the fquare of AF ; AO will be 
to AF, as AF to AL, that is, as the fum 
of the fides of the figure circumfcribed about 
the fegcnent to HK ; and therefore the red- 
angle contained by AO, HlC will be equal to 
the redangle contained by AF and the fum of 
the fides of the figure, that is, will be equal 
to twice the figure AHEFGKA. And be- 
caufe the redlangle contained by AT^ HK is 
equal to twice the triangle AHK, the reft- 
angle contained by QT^ HK will be equal to 
twice the figure HEFGKH, that is, the redl- 
angle contained by PS, HK will be equal to 
twice the figure HEFGKH. Again, Be- 
caufe the rectangle contained by NS, HK is 
equal to twice the triangle NHK, the red- 
angle contained by NP^ HK will be equal to 
twice the figure NHEFGKN. But the 
Kdangle contained by the fum of the perpen- 
diculars NV, NX, NY, &c. and one of the 
fides of the figure, is equal to twice the figure 
NHEFGKN j therefore the redtangle con- 
tained by NP, HK is equal to the redangle 
contained by the fum of N V, NX, N Y^ Gfr, 
D aod 
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and one ofthc fides of the figare: Andtherc-i 
fore NP wiH be to one of the fides of the fi- 
gure, as the fum of the perpendiculars NV, 
NX, NY to HK, that is, the muhiple of 
NP by the number of the fides of the figure^ 
will be id the fum of the fides of the figure, 
as the fufrt of the perpendiculars NV, NX, 
NY, &c. to HK : Therefore the muhiple of 
NP hy the number of the fides of the figure, 
will be to thte fum of the perpendiculars NV, 
NX, NY,'as the fum of the fides of the figure 
to HK, that is, as AF to AL, or twice AF 
to twice ALt Therefore twice the multiple 
of the redangle contained by NP, AL by the 
number of the fides of the figure, is equal to 
the^reftangJe contained by the fum of the per- 
pendiculars N V, NX, NY, Qfr. and twice 
AF. But becaufe [Lem.i.] the fquare of 
NE is equal ta the recflangle contained by 
NV and twice AF, and the fquare of NF Cr 
qual ta the reftangle contained by NX and 
twice AF, and the fquare of NG equal to 
the redtangle contained by NY and twice AF, 
and fo on ; the fum of the fquares of NE, 
NF, NG, &c; will be equal to the redtanglc 
^contained by the fum of the perpendiculars 
, ' NV^ 



NV,NX,Ny,.e?r. and.twiceAF, that is^ 
will be equal to ^ twig? the a^wljtiple^of the 
redlangle contained b^y/NP^jAL' by tl^^ num- 
ber of the fides of the figprev/-Ag^i^t &- 
caufe the redanglc OAL' is equal to. the 
fquare of AM^ the re(aangle,OLA..wiU. be 
equal to the fquarjc of LM,, that is^ twice the 
reftangle contained by PR, AL will be equaj 
to the fquare of LM. And becaufe. 1 6.^ 
twice the re<3:angle contained by NR, AL \s 
equal to the fquare of LN, twjcei rfie re(^- 
angle contained by NP, AL will, be equal to 
the fum of the fquaces of LM, X;N : TThcrc- 
fore twice the multiple of the re^angle con- 
tained by NP, ALby the number of ibe fides 
of the figure, will be equal to the multiple of 
the fum of the fquares of LM, LN by the ^ 
fame number: And therefore the lupi of the 
fquares of NE, NF, NG, &c. will be equal 
to the multiple of the £um of the fquares of 
LM, LN by the. number of the fides of the 
figure. ^E.D. 

2. When the jpoirit N is not in the circum- 
ference of the circle. [F^g* ^S'l .. 

Join NA, and let NA meet the circle in 

the point O on the other fide the centre A 

D 2 with 
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with the point Nj and join EO, FO, GO, 

'&c. LOi join likcwife EA, FA, GA, ©c, 

land join AMj let LO meet the. circle in P, 

and draw NQ^ parallel tQ A^^ meeting OI^ 

Becaufe [ 2. ] the Iquare of EN together 
Svith the ^ace to which the fquare of EO has 
the fame ratio that OA has. to AN, is ?qual 
to thp redlgngle ANO together with the (pace 
to which the fquare of AE has the fame; ratio 
that AO has to QN, apd the fquare of AE 
is equal to the ium of the fquares of AL, LM^ 
the fquare of EN together with the fpace tp 
which the fquare of £Q has the fame ratio 
that OA has to AN, will be equal ta the 
reftapgle ANO together with the fpace to 
which the iquare of AL has the fame ratio 
that AQ hats to ON together with the fpace 
to which thq fquare of LM has the fapie ratio. 
But [2.] the redangle ANO together with the 
fpace to which the fquare of AL has the fame 
ratio that AO has to NO, is equal to the 
fquare of NL together with the fpace tp 
which the fquare of LQ has th? fame ratio 
that OA has tp AN. Therefore the fquare 
of EN together witji the Ipace to which the 

fquare 
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tquare of EO has the fame ratio that d A has 
to AN, is equal to the (quare of NL together 
with the fpace to which the Iquarc of LO 
has the fame ratio that OA has to AN toge^ 
ther with the fpace to which the fq^uare of 
LM has the fame ratio that OA has to ON. 
Becaufe the fquare of LO is to the rcdlanglc 
OLQ^s OL to LQj^that is, asOA to AN, 
the redlangle OLC^will be the fpace to which 
the iquare of OL has the iame ratio that OA 
has to AN« And becaufe the redangle OLP 
is to the reftangle contained by LP, OQjas 
OL to OQj^that is, as OA to ON, and the 
iquare of LM is equal to the redangle OLP, 
the fquare of LM will be to the redangle con- 
tained by LP^ OQ^as OA to ON : There- 
fore the rediangle contained by LP, OQ will 
be the fpace to which the iquare of LM has 
the fame ratio that OA has to ON. And 
therefore the fquare of EN together with th^ 
ipace to which the fquare of EO has the iame 
ratio that OA has to AN, is equal to the fquare 
of NL together with the rcdangle OLQ^ to- 
gether with the rcdangle contained by LP, 
OQ. But becaufe the redlangle contained by 
JLP, OQ is equal to the rcftangle OLP toge- 
ther 
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Uicr with the rcdlangle contained by LP, LQt 
therefore the redtangle OLQjogeiher with 
the rectangle contained by LP, OQJs equal to 
the rc<2angle OLP together with the re(aangle 
contained by OP, LQj^that is, equal to the 
fquare of LMtogether with the redangle con«» 
taincd by OP, LQ;^ Therefore the iquare of 
NE together with the ipace to which the 
fquare of EO has the fame ratio that OA 
has to AN, is equal to the fum of the fquares 
of LM, LN together with the redtangle con^ 
tained by OP, LQ^The lame way it isfhewn, 
that the fquare of FN together with the 
fpace to which the iquare of FO has the 
fame ratio that O A has to AN, is equal to the 
fum of the fquares of LM, LN together with 
the rcdangle contained by OP, LQ^ and 
likcwife, that the fquare of GN together with 
the fpace to which the fquare of GO has the 
fame ratio that O A has to AN, is equal to the 
fum of the fquares of LM, LN together with 
the rcdlangle contained by OP, LQ^ and fo 
on* Therefore the fum of the fquares of 
EN, FN, GN, &c. together with the fpace 
to which the fum of the fquares of EO, FO, 
GO, &c. has the fame ratio that OA has to 

. AN, 
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An, is equal to tjie multiple of the fundi of thtf 
fqoares of LM, LN by the number of th« 
fides^ of the figure together with the multiplo 
of the rc^angle cootaincd by OP, LQ^y the 
fame number. 

Again, Becauie the fum of the fquares 6( 
EO, FO, GO, &c. is (by the firft part of this) 
equal to the multiple of the fum of the fquarcs 
of LM, LO by the number of the fides of the 
figure, and the /quare of LM is eqtial to the 
reftangle OLP j the fum of the fquares of 
EO, FO, GO, &c. will be equal to themuU 
liple of the reftangle LOP by the number of 
the fides of the figure. And becaufe OA is 
to AN as OL to LQj_that is, as the reftangte 
LOP to the rcdangle contained by OP, LQv 
that is, as the multiple of the roaatogle LOP 
by the number of the fides of the figure to the 
multiple of the re«aangle contained by OP, 
LQJjy the fanaemimber, and the fum of the 
fquares of EO, FO, GO, &c. is equal to the 
multiple of the redlanglo LOP by the num- 
.ber of the fides of the figure j the fum of the 
fquares of EO, FO, GO, &c: will be to the 
multiple of the reaangle contained by OP, 
LQ^as OA to AN. And therefore the mul-, 

tiple 
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itiple of the redangle contained by OP^ L(^ 
by the number of the fides of the figure, will 
be the fpace to virhich the fum of the fquares 
of EO, FO, GO, &c, has the fame ratio that 
OA has to AN : Therefore the fum of the 
fquares of EN, FN, GN, &c. together with 
the muhiple of the rectangle contained bjf 
OP, LQJby the number of the fides of the 
figure, is equal to the muhiple of the fum of 
the fquares of LM^ LN by the number of the 
fides of the figure together with the multiple 
cf the rcftapgle contained by OP^ LQJ>y the 
iame number* And therefore the fum of the 
fquares of EN, FN, GN, &c. will be equal 
to the multiple of the fum of the fquares of 
LM, LN by the number of the fides of the 
, figure. ^£,Z>. 



PROPOSITION Vm. 

Theorem V. Fig. i6* 

Let there he any circle wbofe centre is A, and 
let BCD ie a femicircle^ and BD the dia^ 
meter of the circle j about the femicirck let 

there 
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tiere be any regular figure defi:rihed^ and 
let the fides of the figure next to BD meet 
BD in E, F ; bife^ the femicircle in G, 
and join AG j and in AG take the point H 
en the fame fide the centre A with the point 
G, and let AG be to AH as tbefum of the 
fides of the figure to EF ; and let the reB-- 
angle HAK be equal to'the fquare oftbefe-' 
midiameter^ and let HL be equal to AH: 
If from any point M there be drawn MN^ 
MO, MP, &c. perpendicular to the fides 

- of the figure circumfcribed about the femi-^ 
circle^ and likewije there be drawn^ML to 
the point L j twice, the fum of the fquare s 
of the perpendiculars MN, MO, MP, &c. 

^ will be equal to the multiple of the fquare of 
ML fy the number of the fides of the figure 
together with the multiple of the reilangle 
KLA by the fame number. 

Let the figure touch the femicircle in the 

points Q^R, S, Gfc. and join AC^AR, AS, 

&c. ; draw MT, MV, MX, &c. perpendicu- 

'kr to AC^AR, AS s join MA, MH, and 

draw HY perpendicular to AH meeting 

E the 
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the circle in Y, an4 join MQj^MR, MS, 

Becaufe [ 7. ] the fum of the fquarcs of 
MQj^MR, MS, &c. is equal to the multiple 
of the fum of the fquares of HM, HY by 
the number of the fides of the figure circum- 
fcribed about the femicircle, twice the fum 
of the fquares of MQj^MR, MS, (Sc. will 
be equal to twice the multiple of the fum of 
the fquares of HM, HY by the number of 
the fides of the figure : Therefore twice the 
fum of theTquares of MC^MR, MS, &c. 
together with twice the multiple of the fquare ^ 
of AH by the number of the fides of the fi- 
gure, is equal to twice the multiple of the 
fum of the.fquares of HM, HA by the num- 
ber of the fides of the figure together with 
twice the Riultiple of the fquare of HY by 
the fame number. And becaufe twice the 
fum of the fquares of HM, HA is equal to 
the fum of the fquares of ML, MA, twice 
the multiple of the fum of the fquares of 
HM, HA by the number of the fides of the 
figure, will be equal to the multiple of the* 
fum of the fquarcs of ML, MA by the fame 
number : Therefore twice the fum of the 

fquares 
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fijuares of MQs^MR, MS, &c. together with 
twice the multiple of the fquare of AH by 
the number of the ficies of the figure, is c- 
qua! to the multiple of the fum of the fquarei 
of ML, MA by the feme number. But bc- 
caufe twice the fum of the fquares of MN, 
MO, MP, &c. together with twice the fum 
of the fquares of MT, MV, MX, &c. is e- 
qual to twice the fum of the fquares of MQj_ 
MR, MS, &c. ; therefore twice the fum of 
the lijuares of MN, MO, MP together with 
twice the fum of the fquares of MT, MV; 
MX, C^c. is equal to the multiple of the fum 
of the fquares of ML, MA by the number of 
the fides of the figure together with twice the 
multiple of the. fquare of HY by the fame 
number. 

Again, Becaufe the angles MTA, MVA, 
MXA are right, the points T, V, X will bo 
in the circumference of the circle whofe dia- 
meter i^ AM J and becaufe AQt^ AR, AS, 
&c. make all the angles about the point A 
equal, the circumference of this circle will be 
divided into equal parts in the points T, V; 
X, &€. [Lem. 2.] as many in number as there 
are lines AC^AR, AS, Qf^, that is, into as 
E 2 many 
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many equal parts as there are fides in the cir^ 
cumfcribed figure : Therefore twice the fiim 
of the fquares of MT, MV, MX, (^c will 
be equal to the multiple of the fquare of IVf A 
by the number of the fides of the figure : 
Therefore twice the fum of the fquares of 
MN, MO, MP, &c. together with the mul- 
tiple of the fquare of MA by the number of 
the fides of the figure together with twice the 
multiple of the fquare of AH by the fame 
number, is equal to the multiple of the fum 
of the fquares of ML, MA by the number 
of the fides of the figure together with twice 
the multiple of the fquare of HY by the fame 
number : And therefore twice the fum of the 
fquares of NlN, MO, MP, &c. together with 
twice the multiple of the fquare of AH by 
the number of the fides of the figure, is equal 
to the multiple of the fquare of ML by the 
number of the fides of the figure together 
with twice the multiple of the fquare of HY 
by the fame number. 

Again, Becaufe the redangle HAK is equal 
to the fquare of the femidiameter of the circle, 
that is, equal to the fum of the fquares of 
AH, HYi the redlangle KHA, that is, the 

rc(3:anglc 
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fcaaftgle KHL, will be equal to the iquare 
of HY : And therefore twice the multiple of 
the refliangle KHL by the number of the 
fides of the figure, will be equal to twice the 
multiple of the fquare of HY by the fame 
number: Therefore twice the fum of the 
Iquares of MN, MO, MP, &c. together with 
twice the multiple of the fquare of AH or 
HL by the number of the fides of the figure, ia 
equal to the multiple of the fquare of ML by 
the number of the fides of the figure together 
with twice the multiple of the redlanglc 
KHL by the fame number. Therefore twice 
the fum of the fquares of MN, MO," MP, 
&c. is equal to the multiple of the fquare of 
ML by the number of the fides of the figure 
together with the multiple of the redlanglc 
KLA by the lame number. ^E.D. 

Cor. Let there be any equilateral figure 
infcribed in a femicircle; a point is given, 
fuch, that if from any point there be 
drawn perpendiculars to the fides of the fi- 
gure, and likewife a right line to the given 
point, twice the fum of the fquares of the 
perpendiculars will be equal to the multiple 
gf the fquare of the line drawn to the given 

point 
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point by the number of the fides of the figurs 
together with a given fpacc. 

Let ABCD [Fig. 17.] be an equilateral fi- 
gure infcribed in a femicircle ; let AD be the 
diameter, and F the centre -, bifed the femi- 
circle in G, and join FG; let FH bd perpen- 
dicular to AB one of the fides of the figure i 
in FG take the point K, and let FH be to FK 
as the fum of the fides of the figure ABCD to 
AD I let KL be equal to FK, and let the 
redlangle KFM be equal to the fquare of FH : 
If from any point N there be drawn NO, 
NP, IJQi&c. perpendicular to AB, BC, CD, 
&c. the fides of the figure, and likewiie 
there be drawn NL to the point L, twice the 
fum of the fquares of NO, NP, l^Q^&c. 
will be equal to the multiple of the fquare of 
NL by the number of the fides of the figure 
together with the multiple of the rcftanglc 
MLF by the fame number. 

The fecond and fourth theorems are but 
particular cafes of one more general ; which ia 
this. 

PRO- 
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PROPOSITION IX, 

Theorem VI. 

Let there be any number of given points ; a 
point may be founds fuch^ that ij from all 
the given points there be drawn right lines 
to the point founds and from all the given 
points and the point found there be drawn 
right lines to any pointy the fum of the 
Squares of the lines drawn from the given 
points^ will be equal to the fum ofthefquares 
of the lines drawn from the given points to 
the point found together with the multiple by 
the number of the given points of the fquare 
of the Une drawn from the point found. 

For example : Let the number of the given 
jpoints be three^ and the theorem wili.be as 
follows. 

Let there be three given points; a point, 
may be found, fuch, that if from the three 
g^ven points there be drawn right lines to the 
point found, and from the three given points 
and the point found there be drawn right lines 

to 
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to any point, the fiim of the fquares of thd 
lines drawn from the three given points, will 
be equal to^the fum of the fquares of the lines 
drawn from the three given points to the point 
found together with thrice the fquare of the 
line drawn from the point found. 

This theorem may be made more general 
thus. 

PROPOSITION X. 
Theorem VIL 

htt there he any number of given points A, 

^ B, C, &c, [Fig. i8q and let a, b, r, &c. be 

given magnitudes as many in number as there 

ate given points ; a point X may be founds 

fuch^ that if from the given points A, B, 

Q ficc. there be drawn right lines to the 

point X, and from the given points and the 

. point X there 'be drawn right lines to any 

point Y, the fquare of AY, together with the 

Jpace to which the fquare of BY has the 

fame ratio that a has to b^ together with the 

fpace to which the fquare of CY has the 

fame 
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fim nOio that a has to c^ and fh tm\ nviU 
ie e^d to thefquare ofAX^ together with 
i^^ace to which the fquare of BX has the 
fame ratio that n has to b^ together with the 
^ace to which: the fqttare of CX has the 
fame ratio that a has to r, andfo on^ togem 
tber with the Jpace to which the fquare of 
XY has the fame rMio that a has totbefum 
tfa^h^c^&x:. 

Let the number of the giYtn points be three, 
arid let a^h^c be eqaal to i» 2^ 3 s and the 
theorem will be as Mows. 

Let A^ B, C be three given points; a point 
^ may be found, fach, that if from the 
points A, B, C there be drawn right lines to 
the point X, and i&om the points A, B, C and 
the point X there be drawn right lines to any 
point Y> the fquare of AY together with twice 
the fquare of BY together with thrice the 
fquare of CY, will be equal to the iquare of 
AX. together with twice the fquare of BX 
together with thrice the fijuare of CX toge- 
ther with fix timesLthe fquare of XY. 

CoR. It Let there be any number of circles 

given by pqfition^ and about each of the circles 

F kt 



t 4» I 

let them be ah equilateral figure drcumfirribed } 
a point may be found, fuch, tbat if from 
any point there be drawn perpendiculars to 
the fides of all the figures^ and likewife 
there be drawn a right line to the point fbupd^ 
twice .the fum of die iquares of the perpen- 
diculars will be equal to the multiple of the 
Square of the line drawn to the point found 
by the number of the fides of all &e figures 
together with a given fpace* 
. Suppbie, for example, two circles to be 
^ven by pcfitbn, and about one of the circles 
let there be an equilateral triangle circumicri* 
bed, and about the other let there be a fquare 
drcumfcribed ; a point may be found, fucb, 
that if from any pcrnit there be drawn perpen* 
diculars to the fides of the triangle and th6 
Iquare, and Hkewife there be drawn a right 
line to the point found, twice the fum of the 
Squares of the perpendiculars will be equal to 
ieven times the iquare of the line drawn to the 
point found together with a given fpace, 

Co&.II. Let there be any number of ie* 
micircles given by pofition, and about each 
of the femicircles let there be an equilateral 
figure circumfcribed ; a point may be found, 

fuch. 
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let diere be an equilateral figure drcumfcribed } 
a point may be found, fuch, that if from 
any point there be drawn perpendiculars to 
the fides of all the figures^ and likewifc 
there be drawn a right line to the pomt found^ 
twice tthe fum of the iquares of the perpen- 
diculars will be equal to the multiple of the 
iquate of the line drawn to the point found 
by the number of the fides of all ^e figures 
together with a given fpace. 
. Siippbfe, for rxample» two circles to be 
^ven by portion, and about one of the circles 
let there be an equilateral triangle circumfori* 
bed, and about the other let there be a (qiiare 
drcumfcribed; a point may be found, fucb, 
that if from any pcMnt there be draWn perpen« 
diculars to the fides of the triangle and the 
iqnatt, and likewife there be drawn a right 
line to the point found, twice the fum of the 
iquares of the perpendiculars will be equal to 
ieven times the fquare of the line drawn to the 
point found together with a given fpace. 

Co&.IL Let there be any number of ie* 
mieircles given by pofition, and about eadi 
of the femidrcles let there be an equilateral 
figure circumfcribed ; a point may be found, 

fuch. 
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let them be ah equilateral figure drcumfcribedt; 
a point may be found, fach, that if from 
any point there be drawn perpendiculars to 
the fides of all the %ires, and likewife 
there be drawn a right line to the point found, 
twice ^the fiim of the iquares of the perpen- 
diculars will be equal to the multiple of the 
^uare of the line drawn to the point found 
by the number of the fides of all the figures 
together with a given fpace. 
. Siippbfe, for example, two circles to be 
^ven by pcfition, and about one of the circles 
let there be an equilateral triangle circumferi« 
bed, and about the other let there be a fquare 
drcumlcribed; a point may be found, fuch, 
diat a fmm any pcnnt there be draWn perpen« 
diculars to the fides of the triangle and the 
£juar6, andlikewife there be drawn a right 
line to the point found, t^ce the fum of the 
fquares of the perpendiculars will be equal to 
ieven times the fquare of the line drawn to the 
point found together with a given fpace. 

CoA.IL Let there be any number of fo* 
micircles given by pofition, and about each 
of the femicircles let there be an equilateral 
figure circumfcribed ; a point may be found, 

fuch. 
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focb, that if fiom any point there be dr^wn 
perpendiculars to the fides of all the figures^ 
* and likewife there be drawn a right line to 
the point found, twice the fum of the fquarey 
of the perpendicdat^s will be equal to the 
multiple of the. j^uare of the line drawn to 
the point found by the number of the fides of 
all the figures together with a given (pace. 

Suppofe^ for example, two iemicircles to 
be given by pofitipn, and about each of the 
iemicircles let there be an equilateral fi^re 
circumfirribed, and^ kt the number of the 
fides of the one be three, aod the number of 
the fides of the other be four ; a point may 
be found, fuch, that if from any point there 
be drawn perpendiculars to the fides of both 
the figures, and likewise there be drawn a 
right line to the point found, twice the fum 
of the iquares of the perpendiculars drawn to 
the fides of the figures, will be equal to feven 
times the fquare of the line drawn to the point 
found together with a given fpace. 

CoR. IIL Let there be any number of cir- 
cles given by pofition, and likewiie any num-r 
ber of femicircles given by pofition ; and a-* 
bout each of the circles let there be an equila-?' 
F 2 teral 
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teral figure circumfcribedy and likemie about 
each of the femidrcles let there be an equtla-* 
teral figure circumfcribed : a point may bo 
found, fucb, that if from any point there bo 
drawn perpendiculars to the fides of all tho 
figures, . and likewiie a right line to the point 
found, twice the fum of the fquares of tho 
perpendiculars will be equal to the multiple 
of the iquare of the line drawn to the point 
found by the number of the fides of all the £*• 
gures. 

Suppofe, for example, two circles to be 
given by pofition, and likewiie two femi* 
circles to be given by pofition ; and about 
each of the circles let there be an equilateral 
figure circumfcribed, and likewife about each 
of the femicircles let there be an equilateral 
figure circumfcribed ; and let the number of 
the fides of the figure circumfcribed about one 
of the circles be three, and the number of the 
fides of the figure circumfcribed about the 
other be four ; and let the number of the 
fides of the figure circumfcribed about one of 
the femicircles be three, and the number of 
the fides of the figure circumfcribed about the 
Other be five ! a point may be found, fucb, 

that 
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tfiat if from any point there be drawn perpen* 
diculars to the fides of all the figures^ and 
likewife there be drawn a right line to the point 
ibund, twice the fum of the iquarcs of the 
perpendiculars drawn to the fides of the fi« 
gores, will be equal to fifteen times the fquarc 
of the line drawn to the point found together 
with a ^ven fpace. 

From the two laft theorems the two fol* 
lowing theorems may be eafily deriVed. 

PROPOSITION. XI. 

Theorem VIII. 

tiet there be any number of given points^ two 
points may be founds fucb^ that if from all 
the given points and the two points Jound 
there be drawn right lines to any pointy 
twice the fum of the Jquares of the lines, 
drawn from the given points^ will be equal 
to the multiple by the number of the given 
points oj the fum ofthefquares of the lines 
drawn from the two points found. 

Let the number of the given points be 
three, and the theorem will be as follows. 

Let 
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. Let there be three giveo points, two poiqti 
IDay be iound^ ibch, that if from the three 
given points and the two points found there 
be drawn right lines to any point, twioe the 
{urn of the fquares of the lines drawn from 
the three given points, will be equal to fix 
times the fum of the fquares of the lines^ 
drawn from the two points found j and fo gog 

PROPOSITIONXIL 
Theorem IX. 

Let there be my number of g^ven points^ and 
let tf, b^ r, 6cc. be given magnitudes^ as 
many in number as there are given points j 
two points may be foimd^ fuch^ that ijfr^m 

all the given points and the two points found 
there be drawn right lines to any pointy the 
fquare of the line drawn from one oj thegi^ 
ven points^ together with the fpace to which 
the fquare oj the line drawn from another 
of the given points has the fame ratio that a 
has to b^ together with the fpace to which the 
Jquare of the line drawn from another of the 
given points has the Jame ratio that a bos 

toc^ 
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io c^ and fo tm^ will be equal to tbejj^ce M 

v^bicb the fum of the fquares of the lines 

drawn from the two points found has the 

fame ratio that twice a has to the fum of 

Let the number of the given points be three, 
and let a^b^c\^ equal to i, 2, 3 ; and the 
theorem will be as follows. 

Let there be three given points, two points 
may be found, fuch, that if from the three 
given points and the two points found there 
be drawn right lines to any point, the fquare 
of the line drawn from one of the given points 
together with, twice the fquare of the line 
drawn from another of the given points toge- 
gether with thrice the fquare of the line drawn 
from the third given point, will be equal to 
the fpace to which the futh of the fquares of 
the lines drawn from the two points found 
has the fame ratio that two has to fix, that is, 
will4)e equal to thrice the fum of the fquares 
of the lines drawn from the two points found; 
and fb on^ . 

PRO- 
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PROPOSITION XiU. 
Theorem X. 

Let there be dny number of right iinei ghefi 
by ptfitton^ and parallel to each other ; a 
right line may be found parallel to the linet 
given by po/ition^ Jucb^ that if from any 
point there be drawn a perpendicular to the 
right lines given by po/ition and to the line 
founds the fum of the fquares of the lines 
intercepted between the point and the right 
lines given by po/ition^ will be equal to the 
multiple ofthefquare of the line intercepted 
between the point and the right line found^ 
by the number of the right lines given by po^ 
ftion^ together with a given Jpace. 

Let the number of the lines given by pofi- 
tion be three, and the theorem will be as foI« 
. lows. ^ 

Let there be three lines given by'pofition, 
and parallel to each other; a line may be found 
parallel to the right lines given by pofition, 
fuch^ that if from any point there be drawn a 
perpendicular to the right lines given by pofi- 

tioa 
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Hon and to the line founds the futn of the 
Squares of the lines intercepted between the 
point and the three lines given by pofition, 
ivill be equal to thrice the fquare of the line 
intercepted betv^een the point and the line 
founds together with a given fpace. And fo on. 



PROPOSITION XIV. 
Theorem XI. 

Let there be any number of right lines inters 
feSiing each ether in one painty iind makihg 
all the angles round the point, of interfeSiion 
equal', and from any point let there be draun 
perpendiculars to the right lines ^ and likewife 
let there be drawn a right line to the point 
of inter feSiion : twice thefum of the fquares 
vf the perpendiculars will be equal to the mul^ 
tlpl^ tf the fquare of the line drawn to the 
point of interfeBion by the number of the lines. 

Let the number of the lines be three^ and 
the theorem will be as follows. 

IiCt there be three right lines interfefting 
G each 
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each other in a pointy and making all the anglcp 
round the point of interfedion eqqal ; and ' 
from any point let there be drawn perpendi^^ 
culars to the three lines^ and likewifib let there 
be drawn a right line to the point of inter^ 
iedion : twk:e the fum of the fquares of the 
perpendiculars will be equal to thrice the 
fquare of the line drawn to the point of inter-* 
fedtion. 

Again, Let there be five right lines inter- 
ieding each other in one pcnnt» and making 
all the angles round the point of interfedion 
equal } and from any point let there he drawn 
perpendiculars to the right lines, and likewife 
let there be drawn a right line to the point of 
interfedion : twice the fum of the fquares of 
the perpendiculars will be equal to five tiqies 
the iquare of the line drawn to the point of in- 
terfedion. And fo^on. 

This theorem is very eafily deduced from 
Prop. 4. by Lem. 2. 

Cor. If there be any number of right lines 
interfering each other in a given point, and ma- 
king all the angles round the point of inter&dti- 
on equal ; and from a point there be drawn per-r 
pendiculars to the right lines, and the fiim of 

the 
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the iquared of the perpendiculars be equal to a 
given /pace ; the point from which the perpen- 
diculars are drawn will be in the circumference 
of a given circle. 

PROPOSITION XV. 
Theorem XII. 

i>/ there be anf number of right lines given by 
pojition interfeSiing each other in a point ; 
two right lines may be found that mil be gi- 
ven l^pofition^ fuch^ that if from at^ point 
there be drawn perpendiculars to all the right 
lines given by pojition^ and likewije perpendi- 
culars to the two right lines Jound^ twice 
the fum of the fquares of the perpendicu^ 
lars drawn to the right lines given by pofi-- 
tiofiy will be equal to the multiple of the fum 
of the fquares oj the perpendiculars drawn to 
the two lines found by the number of the 
lines given -by pofition. 

Let the number of the lines given bypofi- 
tlon be three, and^ the theorem will be as 
follows. 

Let there be three right Imes given by po- 
Q z firioa 



iltion interfering each other in a poiot ; two 
right lines may be found that will be given 
by polition^ fuch, that if from any point there 
be drawn perpendiculars to the three linc;s gu 
ven by pofition and to the two lines found, 
twice the fum of (he ^uare^ of the perpendi-- 
culars drawn to the three lines given by pofi* 
tion, will be equal to thrice the fum of the. 
fquares of the perpendiculars drawn to thp twq 
lines founds And fo on^ 

PROPOSITION XVI. 

Theorem XIIL 

Let there be any number of ri^bt lines given 
by pofition^ that are neither nil parallel^ nor 
interfering each other in one point 5 tivo 
right lines may be found that will be given 
by pofition^ fucb^ that if from any point 
. there be drawn perpendiculars to the right 
tines given by pofition^ and likewife perpen-- 
diculars to the two right lines founds twice 
the fum of the fquares of the perpendiculars 
drawn to the right lines given by p^fition^ 
will be equal to the multiple (f the fum of 
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(be fquares of the perpendkulars drawn to 
the two right lines found by the number of 
the right lines given bypo/ition^ together with 
agivenf^ace. 

Let the number qf the lines given by pofi- 
tion be three^ and the theorem will be as foU 
lows. 

Let there he three right lines given by pofi-r 
tion, that are neither all parallel^ nor inters 
fedling each other in one point; two right lines 
may be fovipd that will be given by pofition, 
fucb^ that if from any ppint there be drawn 
perpendiculars to the three lin.es given by po- 
iition and to the two lines found, twice the 
fun) of the fquares of the perpendiculars drawn 
to the three lines given by pofition, will be e- 
qual to thrice the fum of the fquares of the 
perpendiculars drawn tp the two lines found^ 
together with a given fpace. And Ip op. 

Co|t. If the right lines given by pofition 
be (6 iituated, as to form an equilateral figure 
circumfcribed either about a circle or femi-* 
circle ; or, if the number of the lines given 
by pofitiop b^ even^ and each two and two 
pf the lines interfed each other at right angles j 

thq 
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any point there be drawn right lines b given 
angles to all the right tines given by pofition^ 
and likewife there be drawn per{fendiculars to 
the two lines found, the fum of the iquares 
of the lines drawn in given angles to the right 
lines given by pofition, will be equal to the 
fpace to which the fum of the iquares of the 
perpendiculars drawn to the two lines found 
has a given ratio, 

PROPOSITION XX* 

T B E O R » M^ XVn. 

ZiCt there he att^ number of right lines given fy 
pqfitim^ that are thither all parallel^ nor in" 
terje£ling\acb other in one pointy and let 
a J by r, 8cc, be given magnitudes as many in 
number as there are right lines given by po^ 
Jit ion; two right lines may be found that 
will be given bypofition^ Jtich^ that if from 

. any point there be drawn perpendiculars to 
the right lines given by pofition^ and likewife 
there be drawn perpendiculars to the two 
right lines founds the fquare of the perpen^ ' 
dicular drawn to om of the lines given by 

pofition 
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, pofittm^ together nioitb tbejpace to which the- 

fquare of the perpendicular drawn to ano-^ 

tber of the lines given by pojition has the^ 

fame ratio that a has to by together with the 

Jpace to which the fquare of the perpendicu^ 

lar drawn to another of the Hnes given by 

poftion has the fame ratio that a Bds to r, 

andff on^ will be equal to tbejpace to which 

thefum of the fquares of the perpendiculars 

drawn to the two lines found has the fame 

ratio that twice a has to thefum of a^ b^ r, 

&c. together with given fpace. 

Let the number of the lines given by pofi-. 
tlon be three, and let j, ^, r be equal to 
I, 2, 3 ; and the theorem will be as follows. 

Let there be three right Knes given by po-. 
iition, that are neither all parallel, nor inter- 
fedling ieach other in one point ; two right 
lines may be found that will be given by pofi-* 
tion, fuch, that if from any point there be 
dj^wn prpendiculars to the three lines given 
by pofition and to the two lines found, the 
fquare of the perpendicular drawn to one of 
the right lines given by pofition, together with 
twice the fquare of the perpendicular drawn 

to 

I ■ 
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to another of the lines given by pofition^ toge- 
ther with thrice the ^uare of the perpendicu** 
lar drawn to the third line given by pofitlon, 
will be equal to thrice the fuoi of the fquares 
of the perpendiculars drawn to the two Hnes 
found, togethef with ^ given fpace. And ib on^ 
Coa. Let there be any number of right 
lines given hy poiitioni, that are neither all pa-^ 
rallcl, nor interfering each other in one point i 
two right lines may be found that will be gi-* 
ven by pofition, fuch, that if from any point 
there be drawn right lines in given angles ta 
all the right lines given by pofition, and Uke-r 
wife there be drawn perpendiculars to the two 
lines found, the fum of the fquares of the 
lines drawn in given angles to the right lines 
given by pofition^, will be equal to the fpaCe 
to which the fum of the fquares of the per-» 
pendiculars drawn to the two lines found has 
jt given ratio, together with a given ipacc. 

PROu 
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PROPOSITION XXt 
Theorem XVIII. 
X^t there be £Wf number of right lines giveft 
by pofition^ and let n, b^ r, &c. be given 
fmgnitudes ^s many in number as there are 
right lines given bypo/ition i three right lines 
may be found that will be given by pofition^ 
fucb^ that if from any point there be drawn 
perpendiculars to all the right lines given by 
pofition^ and likewife there be drawn perpen^ 
diculars to the three lines founds the Jquare 
if the perpendicular drawn to one of the lines 
given by pofition^ together with the fpace tQ 
which thefquare of the perpendicular dropm 
to another of the lines given by poftion has 
the fame ratio that a has to b, together witt 
the fpace to which thefquare of the perpen^ 
dicular drawn to another of the lines given 
by pofition has the fame ratio that a has to r, 
and foon, will be equal to thej^ce to which 
the fum of the fquares of the perpendiculars 
drawn to the three lines found has the fame 
ratio that thrice a has to the fum oj a^ b\ c^ 

Let the number of the lines given by pofi- 
tion 
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tion be four, and let a^ b^c^d he equal tO 
*>>r3i 4s and the theorem will be as fol- 
lows. 

Let there be foiir right lines given by pofi-. 
lion ; three right lines may be found that will 
be given by pofition, fucb, that if from any 
point there be drawn perpendiculars to the 
four lines given by pofition, and likewife there 
be drawn perpendiculars to the three lines 
found, the fquare of the perpendicular drawn 
to one of the lines given by pofition j together 
with twice the fquare of the perpendiailar 
drawn to another of the lines given by pofiti- 
on^ together with thrice the fquare of the per- 
pendicular drawn to another of the lines given ^ 
by pofition, together with four times the 
fquare of the perpendicular drawn to the 
fourth line given by pofition, will be equal to 
the fpacte to which the fum of the iquares of 
the perpendiculars drawn to the three lines 
given by pofition has the fame ratio that three 
has to ten. 

CoR. Let there be any number of right 
lines given by pofition ; three right lines may 
be found that will be given by pofition, fuch^ 
that if from any point there be drawn right 

lines 
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lines in given angles to aU the right lines gi^ 
ven by poiition^ ixnd iikewlfe ther^ be drawn 
perpendiculars to the three lines found, the 
fum of the fquares of the lines drawn in gi- 
ven angles to the right lin^ given by pofition, 
will be equal to the fpacc to which the fum 
of the iquares of the perpendiculars drawn to 
the three lines found has a given ratio^ 

PROPOSITION XXII. 

T H E O & E M XIX. 

Let there be any regular figure of a greater 
number offide^ than three circumfcribed tf- 
bout a circle^ and from any point in the cir^ 
cumference of the circle let there be drawn 
perpendiculars to the fides of the figure j 
twice the fum of the cubes of the perpendi^ 
cularSy will be equal to five times the multiple 
of the cube of the femi diameter of the circle 
by the number oj the fides of the figure. 

Suppofe, for example, a fquare %o be cir-- 

cumfcribed about a circle, and from any point 

in the circumference of the circle let there be 

I drawn 
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dfawn perpendiculars to the (ides of the 
fquare ; the fum of the cubes of the perpen*- 
diculars, will be equal to ten tioies the cube of 
•the femidiameter of the circle. 

Again, Sappofe a pentagon to be circum*- 
fcribed about a circle, and from any point in 
the circumference of the circle let there be 
drawn perpendiculars to the fides of the pen- 
tagon i twice the fum of the cubes of the per- 
pendiculars will be equal to twenty five times 
the cube of the femidiameter of the circle. 
And fo on. 

PROPOSITION XXIII. 
Theorem XX. 

Let there be any regular figure circumfcribed 

about a circle of a greater number of fides 

tbantbree^ and from any point noitbin tbe 

' J^ure let there be drawn perpendiculars to 

^ the fides of the figure ^ and likewife let there 
be drawn a right line to the centre of the 
circle ; twice the fum of the cubes of the 
perpendiculars drawn to the fides of the figure^ 
will be equal to twice tbe multiple of the 

cube 
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cube of the fetmSameter of the circle by the, 
tmmber of tbejkies of the figure^ together 
nmtb thrice the nmkiple by the fame num^ 
ber of tbefotid^ wbofe bafe is the fquare, of 
the Une drawn to the centre^ and altitude 
the JemiSameter of the circle. 

Suppo&y for example^ a iquare to be dr^ 
cumfcribed abou^ a circle, and from any poii^ 
within the iquare let there be drawn perw 
pendiculars to the fides of the /quare, and likc-% 
Wiie let there be drawn a ri^t line to the cen<- 
.tre of the circle ; the Cum of the cubes of the 
perpendiculars drawn to the fides t>i the.£|uare, 
will be equal to fout times the cube of the ie-. 
midiameter of the drcle, together with fijc 
tim«s the ibiid, who/e bafe is the iquare of the 
line drawn to the centre^ and altitude the iemi* 
diameter of the circle, . 

Again, Liet there be a pentagon circomicrir 
bed about a circle, and from any point within 
the pentagon let there be drawn perpendicu- 
lars to the fides of the pentagon, and likewiie 
let there be drawp a right line to the centre of 
the circle ; twice the fum of the cubes of the 
perpeoditHilars drawn to the fidec! of the peor. 
J s tagon^ 
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. For example^ Lcttbeiiumber of the fides 
of the figure be five > and the theorem will be. 
as follows. 

• Let there.be any five-fidcd figure given by 
pofition ; four right lines may be founds fuch, 
that ii from any point within the figure there > 
be drawn perpendiculars to the fides of thefi** 
gurc, and likewife there be drawn perpendi* 
culars to the four lines found, four times the 
fum of the cubes of the perpendiculars drjtwn 
to the fides of the figure, will be equal to five 
times the fum of the cubes of die perpcndicu- 
lar3 drawn to the four lines found, 

• Again, Let the number of the fides of the 
figure be fix s and the theorem will be as fol- 
lows. 

Let there be a fix-fidcd figure given by po- 
fition ; four right lines may be found that will 
be given by pofition, fuch, that if from any 
point within the figure there be drawn perpen- 
diculars to the fides of the figure, and likewife 
there be dravvn perpendiculars to the four lines 
found, four times the fum of the cubes of the 
perpendiculars drawn to the fides of the figure^ 
will be equal to fix times the fum of the cubps 

of 
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of the perpendiculars drawn to the four lines 
found. Andfoon. 



PROPOSITION XXV. 
Theorem XXII. 

Let there be any figure given by pofition of a 
greater number of fides than three^ and kt 
a^ b^ Cy 8cc. be given magnitudes as many in 
number as there are fides in the figure ^ four 
right lines may be found that will be given 
by pofition^ fucb^ that if from any point 
there be drawn perpendiculars to the fides 
of the figure J and likewife there be drawn 

" perpendiculars to the four lines founds the 
cube of the perpendicular drawn to one of the 
fidei of the figure^ together with tbefolid to 
which the cube of the perpendicular drawn 
to another of the fides of the figure has the 
fame ratio that a has to b^ together with the 
folid to which the cube of the perpendicular 
drawn to another of the fides of the figure 
Ipas the fame ratio that a has to r, and fo on^ 
will be equal to the folid to which the fum of 

the 
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ti)e cubes tf th pcrfendicutars drawn to tbi 
four lines found has the fame ratio that four 
times d bos to tbefum of a^ b^ c, &c. 

For titample, Let ^e number of the fides 
of the figure be four, and let a^ b^c^dbt e- 
qual to 1, 2, 3, 5; and the theorem will be as 
follows* 

Let there be any quadrilateral figure given 
by pofition; four right lines may be found that 
will be given by pofition, fuch, that if firom 
any point there be drawn perpendiculars to the 
fides of the quadrilateral figure, and likewife 
there be drawn perpendiculars to the four lines 
found, the cube of the perpendicular drawn to 
one of the fides of the figure, together with 
twice the cube of the perpendicular drawn to 
another of the fides of the figure, together with 
thrice the cube of the perpendicular drawn to 
another of the fides of the figure, and fo on, 
will be equal to the folid to which the fum of 
the cubes of the perpendiculars drawn to the 
four lines found has the fame ratio that four 
has to eleven. 

Again, Let the number of the fides of the 

figure 
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t 

^gure be iive^ and let a^ b^ c^ J, e he equal 
to I, 3, 5, 7, 9 J and the theorem will be as 
follows. 

Let th^e be any five-fided figure given by 
pofition ; four right lines may be found that will 
be given by pofition, fuch, that if from any 
point, there; be drawn perpendiculars to the 
fides of the figure, and like wife there be drawn 
perpiendiculars to the four lines found, the 
cube of the perpendicular drawn to one of the 
fides of the figure, together with thrice the 
cube of the perpendicular drawn to another of 
the fides of the figure, together with five 
times the cube of the perpendicular drawn to 
another of the fides of the figure, and £o on, 
will be equal to the fplid to which the fiim of 
ibt cubes of the perpendiculars drawn to the 
four lines found has the iame ratio that four 
has to twenty five. And fo on. 

Cor. Let there be any figure df a greater 
number of fides than three ; four lines may be 
found that will be given by pofition, fuch, 
that if from any point within the figure there 
be drawn right lines in given angles to the 
fi.des of the figure, and likewife there be drawn 
peipendiculars to the four lines found, the 
K film 
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lum of the cubes of the lines drawn in given 
angles to the fides of the figure, will be to 
the fum of the cubes of the perpendiculars 
drawn to the four lines found in a given ratid. 

PRQPO^ITION XXVI. 

Theorem XXIII. 

fjet there be any regular Jigure inf bribed in a 

« circle^ and from all the angles of the figure 

let there be drawn right lines to any point in 

the circumference of the circle] the fum of the 

fourth powers of the chords will be equal to 

.' 6 times the. multiple of the fourth power of 

. the femidiameter of the circle by the number 

of the fides of the figure. . 

Suppofe^ for example, an equilateral triangle 
to be infcribed in a circle, and from the anjgles 
of the triangle let there be drawn right lines to 
any point in the circumference of the circle ; 
the fum of the fourth powers of the chords 
will be equal to 1 8 times the fourth power 
of the femidiameter of the circle. 

Again, Suppofe a fquare to be infcribed in 

a 
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a circle, and from all the angles of the Square 
let there be drawn right lines to any point in 
the circuh)ference of the circle ; the fum of 
the fourth powers of the chords^ will be equal 
to 24 times the fourth power of the femidia« 
meter of the circle. And fo on. 



PROPOSITION xxvn. 

Theorem XXIV. 

Jjet there be any regular figure infcribed in a 
circle^ andjrom all the angles of the figure 
and the centre of the circle let there be 
drawn right lines to any point ; the fiim of 
the fourth powers of the lines drawn from 
the angles of the figure^ will be equal to thf 
multiple by the number of the fides of thf 
figure of the fourth power of the femidiame^ 
ter of the circle^ together with 4 times 
the multiple by the fame number of the fourth 
power of the line wbofefquare is equal to the 
reSi angle contained by the femidiameter and 
the line drawn from the . centre^ together 
with the multiple by the fame number oj the 
K 2 ■ . . fiurtb 
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fourth power oj the Une drawn from the 
centre. 

Suppofe, for example^ an equilateral tri« 
angle to be infcribed in a circle, and from all 
the angles of the triangle and the centre of the 
circle let there be drawn right lines to any 
point ; the fum of the fourth powers of the 
lines drawn from the angles of the triangle, 
will be equal to 3 times the fourth power of 
the femidiameter of the circle, together with 
12 times the fourth power of the line whoie 
fquare is equal to the redlangle contained 
by the femidiameter and the line drawn from 
the centre, together with 3 times the fourth 
power of the line drawn from the centre. 

Again^ Suppofe a fquare to be mfcribed in 
a circle, and from all the angles of the fquare 
and the centre of the circle let there be drawn 
right lines to any point; the fum of the fourth 
powers of the lines drawn from the angles of 
the fquare, will be equal to 4 times the fourth 
power of the femidiameter of the circle, toge- 
ther with 16 times the fourth power of the 
line whofe fquare is equal to the rcdtariglc 
contained by the femidiameter and the line 

drawa 
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drawn from the centre, together with 4 times 
the fourth power of the line drawn from the 
centre, 

CoR. I. Let there be two circles about the 
fame centre, and from all the angles of any/ 
regular figure infcribed in one of the circl^^i 
let there be drawn right lines to any point in I 
the circumference of the other ; the fum or 
the fourth powers of thefe lines will be inva- 
riable. ^ 

CoR. II. Let there be two regular figures in- 
fcribed in a circle, and from all the angles of 
bdth figures let there be drawn right lines to 
any point ; the fum of the fourth powers of 
the lines drawn from all th? angles of one 
of the figures, will be to the fum of the 
fourth powers of the lines drawn from the 
angles of the other figure, as the number of 
the fides of the one to the number of the fides 
of the other. 

Suppofe, for example, an equilateral tri- 
angle and a fqbare to be infcribed in a circle^ 
and from all the angles of both figures let there 
be drawn right lines to any point 5 the fum' of 
the fourth powers of the lines drawn from the 
angles of the triangle, wiU be to the fum of 

th? 
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any point there be drawn right lines h givren 
angles to all the right lines given by pofition^ 
and likewife there be drawn per{fendiculars to 
the two lines founds the fum of the fquares 
of the lines drawn in given angles to the right 
lines given by pofition^ will be equal to the 
fpace to which the fum of the fquares of the 
perpendiculars drawn to the two lines found 
has a given ratio, 

PROPOSITION XX. 

T H E Q n » m" xvn. 

Let there be any number of right lines given By 
pofitim^ that are i^ither all parallel^ nor in-* 
terJeSiing \ach other in one pointy and let 
a J by r, &c, be given magnitudes as many in 
number as there are right lines given by po^ 
Jition\ two right lines may be found that 
will be given bypofition^ fuch^ that if from 

. any point there be drawn perpendiculars tc^ 
the right lines given by pofition^ and likewife 
there be drawn perpendiculars to the two 
right lines founds the fquare of the perpen^ 
dicular drawn to onf of the lines given by 

pofition 
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the fourth powers of the lines drawn from tho. 
angles of the fquare, as three to four. And 
fo on, 

PROPOSITION xxym. 

Theorem XXV. 

Ijet there be any regular figure of a greater 
number of fides than four circumfcribed tf- 
bout a circle ^ and from any point in the 
circumference of the circle let there be drawn 
perpendiculars to the fides oj the figure i 8 
times the fum of the fourth powers of the 
perpendiculars^ will be equal to l^times the 
multiple by the number of the fides oftbefi-. 
gure of the fourth power if the femfdiameter 
of the circle* 

Suppofe, for example, a pentagon to be 

circumfcribed about a circle, .and from any 

point in the circumference of the circle let 

there be drawn perpendiculars to the fides of 

the pentagon j 8 times the fum of the fourth 

ppwers of the perpendiculars, will be equal to 

175 times the fourth power of the femidia- 

meter of the circle. 

Again, 
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Again, Let there be a hexagon circumfcri* 
bed about a circle, and from any point in the 
circumference of the circle let there be drawn 
perpendiculars to the fides of the hexagon ; 
4 tinies the fum of the fourth powers of the 
perpendiculars, will be equal to 105 times the 
fourth power of the ferhidiameter of the cir- 
cle. And lb on. 



PROPOSITION XXIX. 

Th E Q K ;? M XXVL 

Let there be any regular figure of a greater 

number of fides than four circumfcribed tf- 

bout a circle^ and from any point let there 

he drawn perpendicukrs^ to the fides of the 

fiff^^i ^^d likewife a night line to the centre 

of the circle ; 8 times the fum of the fourth 

powers of the perpendiculars^ will be equal to 

8 times the multiple by, the number of the 

fides of the figure of the fourth power of the 

femidiameter of the circle^ together with 24 

. times the multiple by the fame number of the 

fourth power of the line whofefquare is equal 

to 
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to the reSlangk contained by the fimidiamttm 
and the line drawn to the centre^ together 
with 3 times the multiple of the fourth power 
of the line drawn to the centre of the circk 
by the number of the fides of the figure^ 

Suppofe, for example, a pentagon to be 
circumfcribed about a circle, and from any 
point let there be drawn perpendiculars to the 
fides of the pentagon, and likewife a line to 
the centre of the circle 5 8 times the fum of 
the fourth powers of the perpendiculars drawn 
to the iides of the pentagon, will be equal to 
40 times the fourth power of the femidiame- 
ter of the circle, together with 120 times the 
fourth power of the line whofe fquare is equal 
to the redangle contained by the femidiamcter 
and the line drawn to the centre of the circle, 
together with 15 times the fourth power of 
the line drawn to the centre. And fo on. 

CoR. I. Let there be two circles about the 
fame centre, and about one of the circles let 
there be any regular figure of a greater num- 
ber of fides than four circumfcribed ; if from 
any point in the circumference of the other 
there be drawn perpendiculars to the fides of 

the 
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t)ie figure^ the fum of the fourth powers of 
the perpendiculars will be invariable. 

Cor. IL Let there be two regular figures 
drcumicribed about a circle, and let the num- 
ber of the fides of each figure be greater than 
four, and frotn any point let there be drawn 
perpendiculars to the iides of both figures ^ 
the fUm of the fourth powers of the perpen- 
diculars drawn to the fides of one of the fi- 
gures, will be to the fum of the fourth powers 
of the perpendiculars drawn to th^ fides of the 
other, as the number of the fides of the one to 
the number of the fides of the other. 

Supppfe, for example, a pentagon and 
hexagon to be circumfcribfed about a circle, 
and from any point let there be drawn perpen- 
diculars to the fides of both^ figures j the fum 
of the fourth powers of the perpendiculars 
drawti td the fides of" the pentagon, will be to 
the funa of the fourtih powers of the perpen- 
diculars drawn to the fides of the hexagon, as 
5 to 6. And fo on» 

t PKO- 
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PROPOSITION XXX. 
THEom EM XXVIL 

Ijet there he any number of given points ; two 
right lines may be found that %vill be given 
by poftiony and likewife d point may bejound^ 
fuch^ that if from all the given points and 
the point found there be drawn right lines to 
any pointy and from the point to which the 
right lines are drawH there be drawn perpen- 
diculars to the two right lines founds the fum 
of the fourth powers of the lines drawn from 
the given points^ will be equal to 'the multiple 

' by the number of the given points of the 
fourth power of the line drawn from the 
point foundy together with the fourth power 
of the line whofe fquare is a mean proporti- 
onal between the fum of the fquares of the 
perpendiculars and a certain given Jpace^ to^ 
gether with the fourth power of a certain 
given line. 

Let the number of the given points be two^ 
and the theorem will be as follows. 

Let 
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Let there be two given points; two r4^t 
lines may be found that will be given by pofi* 
tion^ and likewiie a point may be found, 
fucfa^ that if from the two given points and 
the point found there be drawn right lines to 
any point, and from the point to which the 
lines are drawn there be drawn perpen- 
diculars to the two right lines found, the fum 
of the fourth powers of tbe lines drawn from 
the two given points, will be equal to twice 
the fourth power of the line drawn from the 
point found, together with the ioorth power of 
the line whofe fquare is a mean proportional 
between the fum of the fquares of the perpen- 
diculars and a certain giyen fpace, together 
with the fourth power of a certain-given line. 

Let the number of die given points be 
three ; and the theorem will be as follows. 

Let thdLC be three points given 1 two right 
lines may be found that will be given by poii- 
tion, and likewife a point may be found, 
iiacb, that if from all the three given pdnts 
and the point found there be drawn right lines 
to any point, and from the point to which the 
right lines are drawn there be drawn pcrpen-f 
I4 Z diculara 
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fourth power of the tine drawn from the 
centre. 

Suppcfe, for cxarpple, an cquilatetal tri- 
angle to be infcribed in a circle, and from all 
Ihe angles of the triangle and the centre of the 
i:ircle let there be drawn right lines to any 
point 5 the fum of the fourth powers of the 
line& drawn from the angles of the triangle^ 
will be equal to 3 times the fourth power of 
the femidiameter of the circle, together with 
12 times the fourth power of the Ime whofc 
iquare is equal to the rectangle contained 
by the femidiameter and the line drawn from 
the centre, together with 3 times the fourth 
power of the line drawn from the centre. 

Again^ Suppofe a fquare to be inicribed in 
a circle, and from all the angles of the fquare 
and the centre of the circle let there be drawn 
tight lines to any point 5 the fum of the fourth 
powers of the lines drawn from the angles of 
the fquare, will be equal to 4 times the fourth 
power of the femidiameter of the circle, toge- 
ther with 16 times the fourth power of the 
line whofe fquare is equal to the reiSariglc 
contained by the femidiameter and the line 

drawa 
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drawn from the centre, together with 4 times 
the fourth power of the line drawn from the 
centre. 

Cor. I. Let there be two circles about the 
lame centre, and from all the angles of any/ 
regular figure infcribed in one of the circl9&' 
let there be drawn right lines to any point in I 
the circumference of the other ; the fum or 
the fourth powers of thefe lines will be inva*- 
riable. ^ 

Cor. II. Let there be two regular figures in- 
fcribed in a circle, and from all the angles of 
b6th figures let there be drawn right lines to 
any point 5 the fum of the fourth powers of 
the lines drawn from, all th? angles of one 
of the figures, will be to the fum of the 
fourth powers of the lines drawn from the 
angles of the other figure, as the number of 
the fides of the one to the number of the fides 
of the other. 

Suppofe, for example, an equilateral tri- 
angle and a fqbare to be infcribed in a circle^ 
and from all the angles of both figures let there 
be drawn right lines to any point ; the fum' of 
the fourth powers of the lines drawn from the 
angles of the triangle, will be to the fum of 

th? 
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the fourth powers of the lines drawn from tho, 
angles of the fquare, as three to four. And 
, fo on. 

PROPOSITION xxvm. 

Theorem XXV. 

V 

Jjet there he any regular figure of a greater 
number of fides than four circumfcribed a^ 
bout a circle^ and from any point in the 
circumference of the circle let there be draim 
perpendiculars to the fides oj the figure i 8 
times the fum of the fourth powers of the 
perpendiculars^ will be equal to iS'^imes the 
multiple by the number of the fides ofthefi-. 
gure of the fourth power (f the femidiameter 
of the circle, 

Suppofe, for example, a pentagon to be 

circumfcribed about a circle, .and from any 

point in the circumference of the circle let 

there be drawn perpendiculars to the fides of 

the pentagon j 8 times the fum of the fourth 

ppwers of the perpendiculars, will be equal to 

175 times the fourth power of the femidia* 

meter of the circle. 

Again, 
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Again, Let there be a hexagon circumlcri- 
bed about a circle, and from any point in the 
circumference of the circle let there be drawn 
perpendiculars to the fides of the hexagon ; 
4 tinxes the fum of the fourth powers of the 
perpendiculars, will be equal to 105 times the 
fourth power of the ferhidiameter of the cir- 
cle. And fo on. 



PROPOSITION XXIX. 
Theorem XXVI. 

Let there he any regular figure of a greater 

number of fides than four circumfcribed a^ 

bout a circle^ and from any point let there 

be drawn perpendiculars^ to the fides of the 

' fiff^^^^ ^^^ Ukewife a right line to the centre 

of the circle ; 8 times the fum^ ofthej-ourth 

powers of the perpendiculars^ will be equal to 

8 times the multiple by, the number of the 

fides of the figure of the fourth power of the 

femidiameter of the circle^ together with 24 

. times the multiple by the fame number of the 

fourth power of the line wbofefquare is equal 

to 
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to the nSiangk contained by tbefemidiametet 
and the line drawn to the centre^ together 
with 3 times the multiple of the fourth power 
of the line drawn to the centre of the circle 
by the number of the fides of the figure^ 

Suppofe, for example, a pentagon to be 
circumfcribed about a circle, and from any 
point let there be drawn perpendiculars to the 
fides of the pentagon, and likewife a line to 
the centre of the circle ; 8 times the fum of 
the fourth powers of the perpendiculars drawn 
to the fides of the pentagon, will be equal to 
40 times the fourth power of the femidiame- 
ter of the circle, together with 120 times the 
fourth power of the line whofe fquare is equal 
to the redangle contained by the femidiameter 
and the line drawn to the centre of the circle, 
together with 15 times the fourth power of 
the line drawn to the centre. And fo on. 

Cor. I. Let there be two circles about the 
fame centre, and about one of the circles let 
there be any regular figure of a greater num- 
ber of fides than four circumfcribed ; if from 
any point in the circumference of the other 
there be drawn perpendiculars to the fides of 

the 
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^e figure, the fum of the fourth powers o( 
the pdlrpendiculars will be invariable. 

Cor. IL Let there be two regular figures 
circumicribed about a circle, and let the num- 
ber of the fides of each figure be greater than 
jibur, and from any point let there be drawn 
perpendiculars to the fides of both figures; 
the film of the fourth powers of the perpen- 
diculars drawn to the fides of one of the fi- 
gures, will be to the fum of the fourth powers 
of the perpendiculars drawn to the fides of the 
other, as the nu^mber of the fides of the one to 
the number of the fides of the other. 

Suppofe, for example, a pentagon and 
hexagon to be circumfcribed about a circle, 
and from any point let there be drawn perpen- 
diculars to the fides of both^ figures j the fum 
of the fourth powers of the perpendiculars 
drawti to the fides of the pentagon, will be to 
the fum of the fouirtih powers of the perpen- 
diculars drawn to the fides of the hexagon, as 
5 to 6. And fo oil* 

t PRO- 
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PRO POSITION XXX. , 
THEOltKM XXVIL 

Let there be any number of given points ; two 
right lines may be found that %vill be given 
by poftiony and likewife d point may befound^ 
fucb^ that if from all the given points and 
the point found there be drawn right lines to 
any pointy and from the point to which the 
right lines are drawn there be drawn perpen^ 
diculars to the two right lines founds the fum 
of the fourth powers of the lines drawn from 
the given point Sy will be equal to 'the multiple 

' by the number of the given points of the 
fourth power of the line drawn from the 
point foundy together with the fourth power 
of the line whofe fquare is a mean proporti^ 
cnal between the fum of the fquares of the 
perpendiculars and a certain given JpacCy to-- 
gether with the fourth power of a certain 
given line. 

Let the number of the given points be two ; 
and the theorem will be as follows. 

Let 
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Let there be two given points ; two right 
lines may be found that will be given by po{i-> 
tion, and likewiie a point may be found 
fuch^ that if from the two given points and 
the point found there be drawn right lines to 
any point, and from the point to which the 
lines are drawn there be drawn perpen- 
diculars to the two right lines found, the fum 
of the fourth powers of the lines drawn from 
the two given points, will be equal to twice 
the fourth power of the line drawn from the 
pomt found, together with the iomth power of 
the line whofe fquare is a mean proportional 
between the fum of the fquares of the perpen- 
diculars and a certain given fpace, together 
with the fourth power of a certain -given line. 

Let the mmaber of the given points be 
three ; and the theorem will be as follows. 

Let there be three points given i two right 
lines may be found that will be given by pofi* 
tion, and likewife a point may be found^ 
iiich, that if from all the three given points 
and the point found there foe drawn right lines 
to any point, and from the point to which the 
iijght lines are drawn there be drawn perpen^ 
L :: diculara 
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diculars to the two right lines found, the fiim 
of the fourth powers of the lines drawn from 
the three given points, will be equal to thrice 
the fourth power of the line drawn from the 
point found, together with the fourth power 
of the line whofe fquare is a mean proporti- 
onal between the fum of the fquares of the 
perpendiculars and a certain given ipaqe, tog&. 
ther with the fourth power of a certain given 
line. 

This theorem may be made more general 
thus. 



PROPOSITION XXXI. 
Theorem XXVIII. 

Let there be any number of given points^ md 
let a, b, r, &c. be given magnitudes as mary 
in number as there are given points *j two 
right lines may be found that will be given 
by portion, andlikewifeapoint may be founds 
Jucb^ ihat ifjrom all the given points and 

the 
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the point found there be drawn right lines /» 

/iny pointy and from the pint to which the 

Unes are iirawn there be drawn ferpendicu^ 

hrs to the two right Unes founds the fourth 

power of the line drawn from one of the gi^ 

ven points^ together with the power to which 

the fourth power of the line drawjifrom an^ 

ether of the given points has the fame ratio 

that a has to b^ together with the power to 

which the fourth power of the line drawn 

from another of the given points has the fame 

ratio that a has to c^ and fo on^ will be 

equal to the power to which the fourth power 

of the line drawn from the pint found has 

V the fame ratio that a has to thefum ofa^ b, 

c, &c. together with the fourth power of the 

line whofefquare is a mean proprtional be^ 

tween the fum ofthefquares of the perpendir 

(ulars and a certain given Jpace^ together 

^ith the fourth power of a certain given line. 

For example, l4et the number of the given 
points be two, and Jet ^, ^ be equal to i, 2 } 
and the theorem will be as follows. « 

Let there be two given points 5, two right 
lines .may be found that will be given by pofi- 

tion. 
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tion, and likewife a point may be found,^ fuchj^ 
that if from the two given points there be 
drawn right liqes to any pointy and frono the 
point to which the right lines are drawn (here 
be drawn perpendiculars to the two right lines 
found, the fourth power of the line drawq 
from one of the given points together widi 
twice the fourth power of the line df awn front 
^e other given pcttnt, will be equal to thric« 
the fourth powei: of the line drawn from the 
point found, together with the fourth power of 
the line whofe iquare is a mean proportional 
between the fum of the fquares pf the per-< 
pendiculars drawn to the two lines found and 
a certain given fpaoe, together with the fourth 
power of a certain given Une, 

Again, Let the nomber of the given points 
be three, and let a^iy^hc equal to i, 2, 3 5 
and the theorem will be as follows. 

Let there be three given pcrints ; two right 
lines may be found that will be given by pofi-P 
tion, and likewife a point may be founds fucb^^ 
that if from all the given points and the point 
found there be drawn right lines to any point,^ 
and from the point to which the lines are 

drawn 
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drawn tliere be drawn perpendkolars to t\M 
two r^bt lines loBnd) the fourth power of the 
lioe drawn fromooc of the ^ven pcmts, to- 
gether with twice the fourth power of the line 
drawn from, another of. the given pcHnts, tc^^ 
ther with thrice the fourth power of the line 
drawn from the laft of the given points^ will 
be equal to fix times the fourth power of the 
line drawn from the poirit found, together with 
the fourth power of the fine whofe fquare is a 
mean proportional between the fum of the 
fquares of the perpendiculars drawn to the two 
lines found and a certain given ^ce, together 
with the fourth power of a certain given fine. 



PROPOSITION xxxn. 

Theorem XXIX. 

Let there be any number greater than three 

of given point $ ; three points may he founds 

Jucb^ that if from all the given points and 

the three points found there be drawn right 

lines to any pointy thrice the fum of the fourth 

powers of the lines draiwn from the given 

points^ 
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p$inis^ will be\equal to the multiple by tk 
number of the given points oftbefum of the 
fourth powers of the lines drawiffrom tbt 
three points found,. 

Let the number of the given points be four^ 
and the theorem will be as follows. 

Let there be four points given j three points 
may be found, fuch, that if from the four 
given points and the three points found there 
be drawn right lines to any point, thrice the 
fum of the fourth powers of the lines drawn 
from the four given points, will be equal to fotir 
times the fum of the fourth powers of the 
lines drawn from the three points found. 

Again, Let the number of the given points 
be five J and the theorem will be ds fblldws* 

Let there be five given points ; three points 
may be fburid, fuch, that if from the five gi- 
ven points and the three points found there be 
drawn right lines to any point, thrice the fum 
of the fourth powers of the lines drawn from 
the five given points, will be equal to five 
times the fum of the fourth powers of the lines 
drawn from the three points found. And fo on. 

PRO- 



[ 89 J 

PROPOSITION XXXIII. 
Theorem XXX. 

Jjet there be My mmher gre9t(r than tw of 
given points^ andieta^ b^ c^ d^ &c. be given 
magni/udes 4S manjf in number as there are 
given points^ three points maybefwnd^ fiicb^ 
that iffrwn, ^ the given points and the 
three pointi fwnd there be drawn right line$ 
to any point, the fourth power of the lint 
drawn from one of the given points^ toother 
with the power to which the fourth power of 

i the line drmm from emther of the given 
points has the fame ratio th^t a has to b^ 
together with tbe pofmr io wbteh the fourth 
pnmr of the line draion from awtber of the 
ginfen points has the fame r0io that a hoe 
ioc^ and fom^ will be ($ the fim of the 
fmrth pomrs \^ the Unes dranm from the 

^ three poinU founds as thefumojn^ b^c^j^ 

. to thrift a. 

For example, Let Ae number of tie given 
jpoints he three, and ieti^,^r be equal to i, 
2, 4 5 3jad the xheorem will be as follows. 

.M Let 
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Let there be three ^ven points ; three pprnta; 
may be found, fuch, that if from the three 
given points and the three points found there 
be drawn right lines to any point, the fourth 
power of the line drawn from one of the giveb 
points, together with twice the fourth power 
of the line drawn from another of the given 
points, together with four times the fourth 
power of the line drawn from the third given 
point, will be to the fum of the fourth powers 
of the lines drawn from the three points found^ 
as feven to three^ 

Again, Let the number of the given points 
be four, and let tf, ^, r, d be equal to i^ 2, 
4, 6 $ and the theorem will be as follows. 

Let there be four given points j three points 
may be found, fuch, that if from the four gi- 
ven points and the three points found there be 
drawn right lines to any point, the fourth power 
of the line drawn from one of the given points^, 
together with 2 times the fourth power of the 
line drawn from another of the given points, 
together with 4 times the fourth power of the 
line drawn from another of the given points, 
together with 6 times the fourth power of Ac 

line 
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Let there be two given points ; two right 
lines may be found that will be given by pofi-- 
tion, and likewiie a point may be found 
fuch^ that if from the two given points and 
the point found there be drawn right lines to 
any point, and from the point to which the 
lines are drawn there be drawn perpen- 
diculars to the two right lines found, the fum 
of the fourth powers of the lines drawn from 
the two given points, will be equal to twice 
the fourth power of the line drawn from the 
point feund, together with the iomth power of 
the line whofe fquare is a mean proportional 
between the fum of the fquares of the perpen- 
diculars and a certain given fpace, together 
with the fourth power of a certain -given line. 

Let the nmnber of die given points be 
three ; and the theorem will be as follows. 

Let diere be three points given i two right 
lines may be found that will be given by por- 
tion, and likewife a point may be found^ 
{uch^ that if from all the three given points 
and the point found there foe drawn right lines 
to any point, and from the point to which the 
tight lines are drawn there be drawn pcrpen^ 
L z diculara 



round the point of inter&dtion equal, and JTrom 
wy pdnt let there be drawn perpendiculars uy 
the right lines^ and likewiie let there be drawn 
a right line to the point of interfedion ; 8 timei 
the fum of the fourth powers of the perpendi- 
cularSy will be equal to 9 times the fourth 
powet of the line drawn to the point of inter- 
fedlion* 

Again, Let the number of the lines be five > 
and the theorem will be as follows. 

Let there be five right lipes interfeding each 
other in a point, and making all the angles 
found the point of inteffe&ion equal, md 
from any point let there be drawn perpendicu- 
lars to the right lines, and likewife let there be 
drawn a right line to the point of interie&ioo ; 
. 8 times the fum of the ifouith powers of the 
l^rpendiculars, wUl be equal to 15 times the 
iburth power of the line drawn to the point of 
interfedion. And fo on. 

Cor. Let there be any number of right 
lines interfering each other in a given point, 
and making all the angles round the point of 
interfedion equal, and from a pomt let there 
be drawn peipendiculars to the right lines, and^ 

the 
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iht fum of the fourth powers of the perpen^ 
diculars be invariable s- the point from which 
the perpendiculars are drawn^ will be in the 
drcumference of a given circle. 



I^ROPOSITION XXXV^ 

Theorem XXXII. 

\ 
/>/ fbere be any number greater than three of 

* right Knes given by pofitiony that are either all 
parallel to each other' ^ or all interfering each 

' other in one point ; three right lines may be 
found that mil be given by pofitim^ fucb^ 
that if from any point there be drawn per^ 

^ pendiculars to the right lines given bypofition^ 
and likewife there be drawn perpendictdars to - 
the three lines founds 3 times thejum of the 
fourth powers of the perpendiculars drawn to 
the right lines giv^ bypojition^ ivillbe equal 
to the multiple of the fum of the fourth powers 
of the perpendiculars drawn to the three lines 
found by the number of the lines giveti by po-- 
fition. 

Let 
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tion, and likewife a point may be lound^ fach, 
that if from the twQ given points there be 
drawn right lioes to any pointy and frono the 
point to which the right lines are dimwn iberQ 
be drawn perpendiculars to the two right lines 
found, the fourth power of the line drawn 
fcoai one <rf the givra pc^nts tc^ther with 
twice the fourth power of the line df awn fron^ 
^ other given pcint, wiii be ecjual to thrice 
the fourth powei; of the line drawn from the 
point found, tether with the fourth power of 
fhe line whofe Iquare is a mean proportionat 
between the fum qF the fquarcs pf the per, 
pendJculars drawn to the two lines found and 
a certain given fpaoe, together with the fourth 
power of a cwtain given line, 

Again, Let the number of the given pokits 
be three, and let i7, ^, ^ he equal to i, a, 3 ; 
and the theorem will be as follows, 

Let there be three given points -, two right 
lines may be found that will be given by pofi^ 
tlon, and likewife a point may be founds fucb^ 
that if from all the given points and the point: 
found there be drawn right lines to any point^^ 
and from the point to which the lines are 

drawn 
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drawn tiiere be drawn perpendiculars to ttid 
two right Kncs fbund^ the fourth power of the 
line drawn firom one of the given points, to* 
gethcr with twice the fourth power of the Mnc 
drawn from, another of the given points, toge- 
ther with thrice the fourth power of the line 
dra^^n from the laft of the given points, will 
be equal to fix times the fourth power of the 
line drawn from the poirtt found, together with 
the fourth power of the fine whofe fquare is a 
mean proportional between the fum of the 
fquares of the perpendiculars drawn to the two 
lines found and a certain given ^ace, together 
with the fourth power of a certain given line* 



PROPOSITION XXXIL 
Theorem XXIX. 

Let there be any number greater than three 

of given points \ three points may be founds 

fucb^ that if from all the given points and 

the three points found there be drawn right 

lines to any pointy thrice the fum of the fourth 

powers of the lines drawn from the given 

points^ 



[ 88 3 

peinis^ nvill be\equal to the multiple fy thi 
number of the given points oftbefum of the 
fourth powers of the ttnes drawnrfrom thi 
three points founds 

Let the number of the given points be four j 
and the theorem will be as follows. 

Let there be four points given j three points 
ihay be found, fuch, that if from the four 
given points and the three ix)ints found there 
be dravm right lines to any point, thrice the 
fum of the fourth powers of the lines drawn 
from the four given points, will be equal to fotir 
times the fum of the fourth powers of the 
lines drawn from the three points found/ 

Again, Let the number of the given points 
be five J and the theorem will be As folldws* 

Let there be five given points 5 three points 
may be found, fuch, that if from the five gi- 
ven points and the three points found there be 
drawn right lines to any point, thrice the fum 
of the fourth powers of the lines drawn from 
the five given points, will be equal to five 
times the fum of the fourth powers of the lines 
drawn from the three points found. And fo on. 

PRO- 
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PROPOSITION xxxin. 
Theorem XXX. 

Let there be any number gre«t(r than t<w9 ^ 
given poiftfs^ and let a, b» e, d, &c be given 
magni/udet as many in number as there art 
givenpotntSi three points may be jwnd^^h^ 
that if frem. oil the gj^ven plants and the 
three points fmnd there be dranm right Unes 
to a^ point, the fourth power of the lint 
drawn from one of the given points, together 
mth the power to which the fourth power of 

. the Une draws from another of the given 
points has the fame ratio that a has to b, 
together with the po>mr to v^gh the fottrtb 
pnixr oftkt line dranm from trntber of the 
giifen pmts has the fame r0io that a has 
toc^ and f»m, will be to the fim of the 
fmrth poemrs .^ the Unes drawn from the 
three points fimd, as the fim oj a, b, c, )8pc, 

. to thrice a, 

'F<x .exaoiple, Let ijie luunber of tbe ^ven 
jpoiots be three, and iet^, i, £ be equal to i, 
2, 4 ; and the jtheorem will be as fbJLows. 

-M Le« 
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Let there be three given points; three ppintsi 
may be found, fucb, that if from the three 
given points and the three points found there 
be drawn right lines to any point, the fourth 
power of the line drawn from one of the given 
points, together with twice the fourth power 
of the line drawn from another of the given 
points, together with four times the fourth 
power of the line drawn from the third given 
point, will be to the fum of the fourth powers 
of the lines drawn from the three pdnts found^^ 
as feven to three^ 

Again, Let the number of the given points 
be four, and let a, 3, c, 4/ be equal to i^, 2^ 
4, 6 ; and the theorem will be as follows. 

Let there be fourg^ven points; three points 
may be found, fuch, that if firom the four gi- 
ven points and the three points found there be 
drawn right lines to any point, the fourthpower 
of the line drawn from one of the given points^ 
together with 2 times the fourth power of the 
line drawn from another of the given points, 
together with 4 times the fourth power of the 
line drawn from another of the ^ven points^ 
together with 6 times (he fourth povra: of die 

line 
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Ikie'drawn from the feoith g^ven poiAt^ vrSl 
be to the fumofthe fourth powers of the lines 
drawn from the three points found, as thir^ 
toen to thiee. And fb on. 

PROPOSITION XXXIV. 
Theorem XXXI. 

Jjef there he any number greater than two cf 
right lines inter jeBing each other in a pointy 
and making all the angjki round the point of 
interfeSion equals and from any point let 
there he drawn perpendiculars to the right 
lines ^ and Ukewife let there be drawn a right 
line to the point of interfeBion ; 8 times the 
fum of the fourth powers of the perpendicu^ 
lars drawn to the right lines^ will be equal 
to 3 times the multiple of the fourth power of 
the line drawn to the point of inter feElion by 
the number of the ri^t lines. 

Let the number of the tines be three ; and 
iihe theorem will be as follows. 

Let there be three right lines interieding 

tfach other in a pointy and makmg all the anglea 

M 2 round 
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round the point of interie£tion equal, and from 
iny point let there be drawn perpendiculars ta^ 
the right lines^ and likewife let there be drawn 
a right line to the point of interfedion ; 8 timei 
the fum of the fourth powers of the perpendi- 
culars, will be equal to 9 times the fourth 
powet of the line drawn to the point of intcr- 
fe£tion» 

Again, Let the number of the lines be fivt> 
and the theorem will be as follows. 

Let there be five right lines interfering each 
Other in a point, and making all the angles 
found the point of inteffedion equal, and 
from any point let there be drawn perpendicu- 
lars to the right lines, and likewife let there be 
drawn a right line to the point of interiedioo ; 
. 8 times the fum of the ^rahh powers of the 
jperpendiculars, will be equal to 15 times the 
fourth power of the line drawn to the point of 
interfedion. And fo on. 

Cor. Let there be any number of right 
lines interfering each other in a given point, 
and making all the angles round the point of 
interledlion equal, and from a point let there 
be drawn peipendiculars to the right lines, and^ 

the 
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^ fum of the fourth powers of the perpcn* 
diculars be invariable ;- the point from which 
the perpendiculars are drawn, will be in the 
circumference of a given circle. 



PROPOSITION XXXV. 
Theorem XXXII. 

JLet there be any number greater than three of 
right lines given bypofttiWy that are either all 
parallel to each other" ^ or all inter feBing each 

' other in one point ; three right lines may be 
found that will be given by pofitim^ frcb^ 
that if from any point there be drawn per-* 

^ pendicukrs to the right lines given bypoftion^ 
and likewife there be drawn perpendiculars to - 
the three lines founds 3 times thejum of the 
fourth powers of the perpendiculars drawn to 
the rigtH lines givM bypofition^ will be equal 
to the multiple of the fum of the fourth powers 
of the perpendiculars drawn to the three lines 
found by the number of the lines given by po- 
fition. 

Let 
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Let the taiimber of the lines be four ; and 
the theorem will be ais follows. 

Let there be four right lines given by pofi« 
tion» that are either all parallel to each other^ 
or all interfering each other in a point ; three 
tight lines may be found that will be given by 
pofition^ fuch, that if from any point there be 
drawn perpendiculars to the four lines given 
by pofition^ and likewiie there be drawn per- 
pendiculars to the three lines found, 3 times 
the fum of the fourth powers of the perpen^ 
diculars drawn to the four lines given by po- 
fition, will be equal to 4 times the fum of the 
fourth powers of the perpendiculars drawn to 
the three lines £bund4 

Again, Let the nikmber of the iine» be five j 
and the theorem will be as fbllowsa 

Let there be five right lines given by pofi-^ 
tion, thbt are either all parallel to each other, 
or all interfeding each other in one point ; three 
right lines may be found that will be given by 
pofidon, fuch, that if from any point there 
be drawn perpendiculars to the five right lines 
given by pofition, and likewiie there be drawn 
perpendiculars to the three lines found^ 3 times 

tht 
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the fum of the fourth powers of the perpen-f 
^iculars drawn to the five lines given by pofi* 
tion, will be equal to 5 times the fum of the 
fourth powers of the perpendiculars drawn tq 
the three lines found, And fo on^ 



PROPOSITION xxxn 

Theorem XXXIII. 

Let there be any number greater than two of 
right Hnes given by fojitim^ that are either 
all parallel^ or all interfering each other in 
me pointy and let a^ b^ c^ d^ 8cc. be given 
magnitudes as many in number as there are 
right Hnes given by pqfitioni three right lines 
may be found that will be given by pofition^ 
fucb, that if from art^ point there be drawn 
perpendiculars to the right lines given bypOr 
Jition^ andlikewife there be drawn perpendi-^ 
culars to the three lines founds the fourth 
power of the perpendicular drawn to one of 
the lines given by poftion, together with the 
fower to which the fourth power of the per^ 
fendicular drawn to another of the lines gir 

ven 
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^fVM bypqfiim has the fame ratio that a bof 
tp i, t^fther with the power to which the 
fourth power of the perpendicular drawn to 
, another of the lines given 6y potion has the 
fame ratio that a has to c^ andfo on, wi^ 
be to thefum of the fourth powers of the per^ 
pendiculars dranpn to the three lines found ^ as 
the Jim of a, b, c, d, &c. to thrice a^ 

Let the number of the right Uoes given by 
pofition be three, and let a^b^ chc equal to 
I, ^, 5 ; tnd the theorem will be as follows. 

Let ther^ be throe right lines given by po{i<« 
tiod, that are ^skber all parallel to .each other, 
or all inter&dHng^ch other in one point ; three 
I'^htlinesnuij be ioand that will be given by 
pciiitk>n, fiich, that jf iironi any point there bq 
drawn perpendiculars to the three right lines 
given by pofition, and likewiie there be drawn 
perpendiculars to the three right lines Ibund, 
the fourth power of the perpendicular drawn 
to one^of the lines given by portion, together 
with 2 times the fourth power of the perpen*» 
dicular drawn to another of the lines givem by 
pofition, together with 5 times the fourth 
. power of the perpendicular drawn to the third 

line 
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Ime given by {)ofition, w31 be to thofum oi tlie 
fourth powers of the perpciKlicuIars drawn to 
the three lines foand^ aa eight to diree. 

Again^ Let the number of the lines given 
fay portion be four^ and let a^ h^ r, Jbe equal 
to 1, 2^3) 4; and the theorem wiU beas fol^ 
lows* 

Let there be four right linfa given by pofi*« 
tion^ that are either all p^allel to eack other^ 
or all interfeAkig each other in one point; 
tl]ttee right linea may be £bund that will be gt- 
ven by pc^tion^ fttdi^ that if from any point 
there be drawn perpendiculars to the £bur right 
lines ^ven by po^LUon^ and Ukewiie there be 
drawn perpendiculars to the three lines founds 
the fourth power of the perpendicular drawn 
to one of the lines given by pofition^ together 
with 2 times the fourth power of the perpen- 
dicular drawn to another of the linesgiven by 
pofition, together with 3 times the fourth 
power of the perpendicular drawn to another 
of the linea given by pofkion, tc^ther with 
4 times the fourth power, of the perpendicular 
drawn to the fourth line given by pofition, will 
be to the fum of the fourth powers of the per- 
N pendiculars 



/ 
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pendicukrs drawn to the three lines found, at 
ten to three. And fo on. 

Cor. Let there be any number greater than 
two of right lines given by pofition, that are 
either all parallel to each other, or all interied- 
ing each other in one pomt ; three right lines 
may be found that will be given by pofition, 
fuch, that if from any point there be drawn 
right lines in given angles to the right lines gi- 
ven by pofition, and likewife there be drawn 
perpendiculars to the three lines found, the fum 
of the fourth powers of the lines drawn in given 
angles to the right lines given by pofition, will 
be to the fum of the fourth powers of the per- 
pendiculars drawn to the three lines found in a 
given ratio. 

PROPOSITION XXXVII. 

Theorem XXXIV. 

Let there be any tmmber greater than jhe of 
right lines given by pofition^ that are neither 
all parallel to each other ^ nor all interfe^ 
ing each other in one^point j frue right lines 
may bejound that will be given by pofition^ 

fucb^ 
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i fucb^ that if from any point tbere.be drawn 
perpendiculars to the right lines given by po^ 
ftionj and likewife there be drawn perpen-* 

' diculars to the five tines founds firoe times 
the /urn of the Jourtb powers of the perpen^ 
diculars drawn to the right lines given by 
pofitiony will be equal to the multiple of the 
fum of the fourth powers of the perpendicu-- 
lars drawn to the jvoe lines found by the 
number of the right lines given by pofition. 

Let the number of the lines ^vcn by pofi- 
tion be iixj and the theorem will be as foU 
lows. 

Let there be fix right lines given by pofi- 
tion, that are neither all parallel to each other^ 
nor all interfeding each other in one point; 
five right lines may be found that will be gi- 
ven by pofition, fiich, thatiffi:om any point 
there be drawn perpendiculars to the fix lines 
given by pofition, and likewife there be drawn 
perpendiculars to the five lines found, five 
times the fum of the fourth powers of the 
perpendiculars drawn to the fix lines given by 
pofitbn, will be equal to fix times the fum of 
N 2 the 
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die fourth powers of the perpendiculars drawn 
to the five lines ibnnd« 

^ Again, Let the nun^r of the lines ^ven 
by pofition be ieven s and the theorem will 
he as follows. 

Let there be ieven ri^t lines given by po« 
fition, that are neither all parallel to each o^ 
ther, nor interfering each other in one pointy 
five r^ht lines may be found that will be ^* 
ven by pofition, fuch, that if fix)m any point 
there be drawn perpendiculars to the feven 
lines given by pofition, and likewiie there be 
drawn perpendiculars to the five lines found, 
five times the fum of the fourth powers of 
the perpendiculars drawn to the foven lines 
given by pdBtion, will be equal to (even times 
the fum of the fourth powers of the perpen^ 
diculars drawn to the five Inies found. And 
fo on. 

. PROPOSITION xxxvni. 

Theorem XXXV, 

Let there be any number greater thanf$ur of 
right lines given by po/ition^ that are neither 
all parallel to each other ^ nor interfeSiing 

each 



each other in me pointy and kt a^ b^ r, d^ &e, 
h given magnitudes as many in number as 
there are rigU lines given by pofitim 5 Jh§ 
right lines may be found that will be given 
by pofitim^ fuch^ that if from afrf point there 
be drawn perpendiculars to all the right lines 
given bypofition^ and likewife there be drawn 
perpendiculars to the five lines found^ the 
fourth power of the perpendicular drawn to 
me of the lines given by pofition^ together 
with the power to which the fourth power 
of the perpendicular drawn to another of the 
Urns given by pofitim has the fame ratio that 
a has to b^ together with the power to which 
the fourth power of the perpendicular drawn 
to another of the Unes given bypq/ition has 
the fame ratio that a has to c, and fo m^ 
will be to thefim of the fourth powers of 
the perpendiculars drawn to the five lines 
founds as the film of a, b^ c^ d, &c. to five 
times a^ 

Let the number of the lines given by pofi- 

tion be five^ and let a^ b^ c^ d^ &c. be equal 

^ ^t ^1 3i 4i 6 s and the theorem will be as 

iRdlowSt 

Let 
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Let there be five right lines given by pofi- 
tion, that are neither all parallel to each other, 
nor interfering each other in one point ; five 
right liaes may be found that will be given by 
pofitioii, fuch, that if from any point there 
be drawn perpendiculars to the five right lines 
given by pofition^ and likewife there be drawn 
perpendiculars to the five lines found, the 
fourth power of the perpendicular drawn to 
one of the lines given by pofition, together 
with 2 times the fourth power of the 
perpendicular drawn to another of the lines 
given by pofition, together with 3 times rfie 
fourth . power of the perpendicular drawn to 
another of the lines giv^n by pofition, and fb 
on, will be to the fum of the fourth power 
of the perpendiculars drawn to the five lines 
found, as fixteen to five. 

Again, Let the number of the lines given 
by pofition be fix, and let a^ 3, r, ^, &c. be 
equal to i, 3, 5, 7, 9, u } and the theorem 
will be as follows. 

Let there be fix right lines given by pofi- 
tion, that are neither all parallel to each o- 
ther, nor all interfering each other in one 

pointy 



t 103 J 

pbiilt; five right lines may be found that will 
be given by pofition, fuch, that if from any 
point there be drawn perpendiculars to the 
fix lines given by pofition, and likewife there 
be drawn perpendiculars to the five lines 
found, the fourth power of the perpendicular 
drawn to one of the lines given by pofition, 
together with 3 times the fourth power of the 
perpendicular drawn to another of the lines 
given by pofition, together with 5 times the 
fourth power of the perpendicular drawn 
to another of the lines given bypofition, and 
lb on, will be to the fum of the fourth powers 
of the perpendiculars drawn to the five lines 
found, as thirty fix to five. And fo on. 

CoR. Let there be any number greater than 
four of right lines given by pofition, that are 
neither all parallel to each other, nor all in- 
terfedting each other in one point ; five right 
lines may be found that will be given by pofi- 
tion, fiich, that if from any point there be 
drawn right lines in given angles to all the line^ 
given by pofition, and likewife there be drawn 
perpendiculars to the five lines found, the fum 
of the fourth powers of the lines drawn in gi- 
ven angles to the right lines given by pofition, 

will 
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^ill be to the fum of the fourth powers of the 
perpendiculars drawn to the £ve lines &und 
in a given ratio* 

PROPOSITION XXXIX* 
Theorem XX3CVL 

Let there he m^ regular Jigure circutnfcribed 
about a circle ; and let the number of the 
Jides of the Jigure be m^ and let n be anf 
number le/s than m^ let r be tbefemidiame^ 
ter of the circle \ and from any point in the 
circumference oj the circle let there be dranm 
perpemUculars to tbefdes of the figure^ the 
fum of the n powers of the perpendiculari 

will be equal to m x''^'*'^': '"'""' x r* 

1.2. 3.4.,. » 

The numbers in the numerator are to be 
continued till the laft number be zn — i, and 
are to be continually multiplied into one ano»^ 
ther ; the numbers in the denominator are to 
be continued till the laft number be «, and are 
to be continually multiplied into one another* 

For 



• 1?or example^ Let m^sz 6/ and ft ^:^' gi 
md the theorem will be as Ibliows^ 
: IM tha:e be a faezagon circDmfcribed about 
a circle^ and jBiom any point in the circumfe-^ 
renoe of the circle let there be drawn peipen- 
dkulars to the fides of the hexagon^ and let r 
be the iemidiameter of the circle ) the fiim 
pf the fifth powers of the perpendicuiars will 

be equal to 6xii^ii^x r^ = l^r^ 

I. a. 3.4.1 4 

Again^ Let ^ == 8, and « sea 6 5 and the 
theorem will be as follows. 

Let there bb an o£bgon circumfcrlbed a- 
bout a circle^ ^nd from any point in the cir- 
cumference oF the, circle let there be drawn 
perpendiculars to the fkles of the oflagon^ and 
let r be the femidfamcter of the circle ; the 
fum of the fixth powers of the perpendiculars 

wiUbeequalto 8 X iili:Il?^xr^=^V^ 

1.2.3.4. S- 6 2 

And fo on. 

PROPOSITION XL. 
! Theorem XXXVII. 

^ Z^t. there he any regular figure arcumfcribed 

^ . about a circle ^ and let m be the number of 

^ ' O tke 
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thefidei of the figure ; let n he anf number 

lejs tbanm^ and let r he the femidiameter 

cf the circle ; and from any point (within 

the figure if n he an odd number^ hut if e^ 

w», from any point either within or with^ 

out) let there he drawn perpendiculars to the 

fides of the figure ; and likewife let there be 

drawn a right line to the centre of the circle^ 

and let v he the line dra^f^m to the centre ; 

let a he the coefficient of the third term of a 

binomial raifed to the n power ^ b the coeffi^ 

• cient of the fifth term^ c the coefficient of the 

fiventh ferm^ and fo on*, let A^ia^i^ 

B^=:bx —y C=ic y^ LhLf and fo on : 

2. 4 2. 4. 6 

thefum of the n powers of the perpendicu^ 
lars will be equal to mr^ -{- mAn)^ r«— * 
•+• mBv^r^—^ -^mCv^ r»— 6^. (^^^ 

For example. Let «; = 6, and « = 5 ; 
and becaufe the coefficients of the terms of 
a binomial raifed to the fifth power are 
I, 5, io, 10, 5, I, therefore a = ip, A = 5 ; 
and therefore y^=: 5, Bt= V. Therefore 
the theorem will be as follows. 

Let there be a hexagon circunafcribed about 

a 
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a circle, and from a point within the hexagon 
let there be drawn perpendiculars to the fides 
of the hexagon, and likewife a right line to 
the centre of the circle, and let r be the femi- 
diameter of the circle, and v the line drawn 
to the centre ; the fum of the fifth powers of 
the perpendiculars drawn to the fides of the 
hexagon will be equal to 6r^ + 3 or* v* 

Again, Let » = S, and « = 6 ; and be- 
caufe the coefficients of the terms of a bino* 
mial raifed to the fixth power are i, 6, 15J 20, 
15,6,1, therefore tf = 15, ^=15,^ = 1; 
and therefore -4=V, -B=V, C=tV. 
Therefore the theorem will be as follows. 

Let there be an odtagon circumfcribed a-* 
bout a circle, and from any point let there be 
drawn perpendiculars to the fides of the odta- 
gon, and likewife a right line (O the centre 
of the circle, and let r be the femidiameter 
of the circle, and v the line drawn to the 
centre; the fum of the fixth powers of the 
perpendiculars drawn to the fides of the ofta- 
gon, will be equal to 8r^-4- 6or^v*4-45r*^^ 
4-|*y*. Andfoon. 

CoHtL Let there be any regular figure 
2 circuna> 
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circumicribed about a circle, and let /ti be thq 
pumber of the fides of the fiff^c^ and n any 
number le($ than m ; and from a point (with- 
in the figui^e if n be an odd number, butif)9 
be even, from any point either within or with- 
out) let there be drawn perpendiculars to the 
fides of the %ure, and the fum of the n 
powers of the perpendiculars be invariable;, 
the point from which the perpendiculars are 
drawn, will be in the circumference of a gi-* 
ven circle, 

CoR. II. Let there be two regular figpre^ 
circumfcribed about a circle, and let the 
number of the fides of each figure be greater 
than n i and from any point (within both fi-^ 
gures if ;^ be an odd number, but if ;i be even, 
irom any point either within or without) let 
there be drawn perpendiculars to the fides of 
both figures } the fum of the n powers of the 
perpendiculars drawn to the fides of one of the 
figures, will be to the fum of the « powers of 
the perpendiculars drawn to the fides of the. 
other figure, as the number of the fides of the 
one to the number of the fides oi the other. 

PRO- 



I ^^9 ] 

PROPOSITION XLh 
Theorem XXXVIII. 

Lei there he any regular figure infcribed in a 
circle^ and let the number of the fide i of the 
figure be m-, and let n be any number lefs 
than mi let r be the femidiameter of the 
circle I and from all the angles of the figure 
let there be drawn right lines to any point in 
the circumference of the circle : the fum [of 
the zn powers of the chords^ will be equal 

to my. — ^-^-^ — -^. . ^ 2 r , 

I* 9* 3* 4 . •• n 

The numbers in the numerator are to be 
continued till the laft number be zn — i, and 
are to be continually multiplied into one ano* 
thcr 5 the numbers in the denominator are to 
be continued till the laft number.be n, and are 
to be continually multiplied into one another. 

For example, Let m^ ^^ and n^z^} 
and the theorem will be as follows. 

Let there be a iquare infcribed in a circle, 
and from all the angles of the fquare let there 
be drawn right lines to any point in the cir- 
cumference 
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Again, LetMs:r5,aiid/r=4; aod becatdc! 
the coefficients of the terms of a binomial cai- 
^ to the fourth power are i^ 4, 6, 4, i, there- 
fore a ==s:4) ^ = 6^ ^2^4^ ^ = i; and 
therefore a"" = 16, ^* s:^ 36, c * s?t 16, 
^* z=& I. Therefore the theorem will be* as 
follows* 

Let there be a pentagon infcribed in a cir- 
cki and from all the angles of the pentagon 
and the centre of the circle let there be drawn 
right lines to any point ; let r be the femidia* 
meter of the circle^ and t7 the line drawn to 
the centre : the fum of the fourth powers oi the 
lines drawn from the angles of the pentagon^ 
will be equal to 5r® -l-8o^V^ + iSouV* 
«+• 8o*i;*r* -^ 5^'* And foon* 

Co ft. I. Let there be any regular figure in-» 
fcribed in a circle, and let m be the number 
of the fides of the figure, and n any number 
lefs than m^ and from all the angles of the fi-» 
gure let there be drawn right lines to a pointy 
and the fum of the in powers of the lines 
drawn from the angles of the figure be inva- 
riable ; the point to which the lines are drawn^ 
will be in tlie circumference of a given circle* 
CoR.U. Let there be two regular figures 

infcribed 
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inscribed in a circle, and let the number of the 
£des of each figure be greater than ;/; and from 
all the angles of both figures let there be drawn 
fight lines to any point : the fum of the 2n 
powers of the lines drawn from the angles of 
one of the figures, will be to the fum of the 
zn powers of the lines drawn from the angles 
iof the other, as the number of the fides of the 
one to the number of the fides of the other. 



PROPOSITION XLIIL 

Theorem XL. 

Let there he any number bf given points^ and 
let m be theirnumber % let n be any number lefi 
than m — i : there may be found n-{-i points^ 
fuchy that if Jr 6m all the given points and 
the points found there be drawn right lines 
to any pointy the fum of the zn powers of the 
lines drawn from the given points^ will be 
to the fum of the zn powers of the lines drawn 
from the points founds as mton+i. 

For example. Let « =±: 3 j and the theorem 
will be as follows. 

P Let 
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Let there be any number greater than 4 of 
given points ; and \ctm\xtht number of the 
given points : 4 points njay be found, fuch, 
that if from all the given points and the 4 points 
found there be drawn right lines to any pcMnt; 
the fum of the iixth powers of the lines drawn 
from the given pmnts, will be to the fum of 
the fixth powers of the lines drawn from the 
4 pdnts found, Ti^mXo/^. 

Again, Let « = 4 5 and the theorem will 
be as follows. 

Let there be any number greater than 5 of 
given points 5 and let m be their number : 5 
points may be found, fnch, that if from the 
given points and the 5 points found there be 
drawn right lines to any pointy the fum of the 
eighth powers of the lines drawn from the gi- 
ven points, will be to the fum of the eigjith 
powers of the lines drawn from the 5 points 
founds as m to 5. And fo on. 



PRO- 
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PROPOSITION XLIV. 

Theorem XLI. - 

Let there he any number of given points^ and 
let m be their number ; let n be any number 
lef$ than m^ and let a^ b^ r, &c. be given 
magnitudes as many in number as there are 
given points : there may bejoundn -f- 1 points^ 
fuch^ that if from all the given points and 
the points found there be drawn right lines 
to any pointy the 2n ptmer of the line drawn 
from one of the given points^ together with 
the power to which the 2n power of the line 
drawn from another of the given points has 
the fame ratio that a has to b^ together with 
the pons)er to which the zn power of the line 
drawn from another of the given points has 
the fame ratio that a has to r, and fo on^ 
will be to the jum of the zn powers of the 
lines drawn from the points founds as thefum 

of a^ 3, c^ &c. ton-i-ir.a. 

For example, Let ;? =: 3 ^ and the theorem 
¥^ill be as follows. 

P 2 Let 
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Let there be any number greater than 3 of 
given points ; and let a, b^ c^ &c. be given 
magnitudes as many in number as there are 
given points : 4 pdnts- may be found, fuch^ 
that if from all the given points and the 4 points 
found there be drawn right lines to any pointy 
the fixth power of the line drawn from one of 
the given points, together with the power to 
which the iixth power of the libe drawn from 
another of the given points has the fame ratio 
that a has to b^ together with the power to 
which the fixth power of the line drawn from 
another of the given points has the fame ratio 
that a has to r, and fo on, will be to the fum 
of the fixtb powers of the lines drawn from 
the four points found, as the fum of j, b^ c, 
&c. to 4 a. 

Again, Let ;i ==4; and the theorem will 
be as follows. 

Let there be any number greater than 4 of 
given points 5 and let J, ^, r, &c. be given 
magnitudes as many in number as there arc 
given points : 5 points may be found, fuch, 
that if from the given points and the 5 points 
found there be drawn right lines to any point, 
the eighth power of the line drawn from one 

of 
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of the given pcnnts, tog^cher with the power 
to whkJi the eighth power of the lioe drawn 
from another of the ^ven points has the fame 
raUo that ^ has to ^, together with the power 
to which the eighth power of the line drawn 
irom another of the ^ven pc^ts has the iame 
ratio that a has to Cy and ib on, will be to the 
funi of the eighth powers of the lines drawn 
from the 5 points found, as the fiim ofa^ b^ 
f , (^c. to 5 a. 



PROPOSITION XLV. , 
Theorem XLII. 

Jjet there be any number of right lines inter^ 
JeBing each other in a pointy and making aU 
the angles round the point of interfe^ion 
eqml^ let m be the number of the Unes, and 
kt n he any number lefs than m^ and from 
any point let there be drawn perpendiculars 
to the right lines ^ and likewife a right 
line to the point of inter feSion \ ktv be 
the line drawn to the point of interfeSion : 
the fum of the zn powers of the perpen^ 

diculan 
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dicukn drawn to the right lines mil be 

equal to m% ^ ^ ^ %v • 

•* 1.2. 3.4. . . «.a* 

The numbers in the numerator are to be 
continued till the lafl number be equal to 
2n — ly and are to be continually multiplied 
into one another | the numbers in the deno- 
minator are to be continued till the kfl num^ 
ber be equal to », and are to be continually 
multiplied into one another, and their produQ 
by 2«». 

For example. Let « = 3 ; and the theorem 
ivill be as follows. 

Let there be any number greater than 3 of 
right lines interfe<9ing each other in a point, 
and making all the angles round the point of 
Interfedion equal; and let m be the number of 
the lines; and from any point let there be drawn 
perpendiculars to the right lines, and likewife 
let there be drawn a line to the point of inter- 
fedlion, and let v be the line drawn to the point 
of interfedlion : the fiim of the fixth powers of 
the perpendiculars drawn to the right lines, will 

be equal tomx. '' ^' ^ x^^ zrzm^-^v^. 

* I, Z* 3. 2* 16 

Again, 
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Again, Let j:^ = 4 j and the theorem wilt 
be as follows. 

Let there be any number greater than 5 of 
right lines in terfedling each other in a point, 
and making all the angles round the point of 
interfedion equal ; and let the number oi the 
lines be /» ^ and from any point let there be 
drawn perpendiculars to the right lines, and 
likewife let there be drawn a right * line to the 
point of interfedioD, and let ^z; be the line 
drawn to the point of interfedion : the fom 
of the eighth powers of the pcrpeudiculars 
drawn to the right lines, will be equal ta 

inxilliilZ — -x«i;*=i=i;?j>c^V^'» And fa 
1. 2. 3. 4. z* * 

on. 

Cok. If there be any number of lines in- 
terfering each orfier in a given point, and 
making all the angles round the point of inters 
feaion equal j and m be the number of the 
lines,, and n any number lefs than m ;. and 
from a point there be drawn perpewdiculars 
to the right lines ; and the fum of the 2« 
powers of the perpendiculars be invariable : 
the point from which the perpendiculars are 
drawn, will be in the dmumferenceof a ^iven 
circle. 

PRO- 
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t>ROPOSITION XLVt 

Theorem XLIII. 

Let there be any number of right lines given b^ 
pofition^ that are either all parallel to each ^- 
ther^ or interfering each other in one point i 
and let ni be the number of the lines ^ andn anj 
number 4efs than «•*— i : there may be found 
n+i right lines that nvill be given by pof^ 
tion, fuch^ that if from any pint there be 
drawn perpendiculars to the right lines given 
byppfition, andlikewije there be drawn per-- 
pendicujars to the. lines founds the fum of 
the 2n powers of the perpendiculars drawn 
to the right lines given by pofition^ will be 
to the fum of the zn powers of the perpendi- 
culars drawn to the lines founds as m to 

For example. Let » =i 3 j and the theo- 
rem will be as follows. 

Let there be any number greater than 4 of 
right lines given by pofition, that are either 
all parallel to each other, or interfering each 
other in one point} and let m be the number 

of 



[ "I ] 

of the right Knes given by pofition : there may 
be found 4 right lines that will be given by 
pofition, fuch, that if from any point there 
be drawn perpendiculars td the right lines 
given by pofition, and likewife there be drawn 
perpendiculars to the lines found, the fum of 
the fixth powers of the perpendiculars drawn 
to the right lines given by pofition, will be to 
the fum of the fixth powers of the per- 
pendiculars drawn to the lines found, as m to 4. 

Again, Let « = 4 ; and the theorem will 
be as follows. 

Let there be any number greater than 5 of 
right lines given by pofition, that are either 
all parallel to each other, or interfering each 
other in one point ; and let m be the number 
of the right lines given by pofition : there may 
be found 5 right liqes that will be given by 
pofition, fuch, that if from any point there 
be drawn perpendiculars to the right lines gi- 
ven by pofition, and likewife there be drawn 
perpendiculars to the 5 lines found, the fum 
of the eighth powers of the perpendiculars 
drawn to the right lines given by pofition, will 
be to the fum of the eighth powers of the per- 
pendiculars drawn to the 5 lines found, as m 
to c. And io on. 

ct_ PRO- 
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PROPOSITION XLVIL 
Theorem XLIV. 

Let there be any number of right lines given 
by pojition^ that are either all parallel to each 
other ^ or inter feSting each other in one pointy 

^ let m be the number of the right lines given 

' by poftion^ and let n be any number lefs 
thanm-, let a^ b^ c^lxc. be given magni^ 
tudes as many in number as there are right 
lines given by pojition : there may be found 
^-f- 1 r/gi&/ lines that will be given by po/i^ 
tion^ fuch^ that if from any point there be 

* dranvn perpendiculars to the right lines gi^ 

ven by pofition^ and likewije there be drawn 

perpendiculars to the lines founds the 2« 

power of the perpendicular drawn to one of 

the lines given by pojition^ together with the 

power to which the zn power of the perpen-^ 

dicular drawn to another of the lines given 

by pofitien has the fame ratio that a has to by 

together with the power to which the 2« 

power of the perpendicular drawn to another 

of the lines given by pojition has the fame 

ratio that a has to r, and fb on^ will be to 

the 
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thefum of the in powers of the perpendU 
€ulars drawn to the lines founds d$ the fwfi 
of a, b, r, &c. /(? 74Tx«. 

For example. Let « = 3 ; and the theo^ 
ttm will be as follows. 

Let there be. ^ny number greater than j 
of right lines given by pofition, that are fci-^ 
ther all parallel to each other, - or inters 
fedting each other in one point; and let 
a^ by Cy &c. be given magnitudes dS many vk 
number as there are right lines given by pofl^ 
tion : 4 right lines may be foand that will 
be given by pofition, fuch, that if ftoto any 
point there be drawn perpendiculars to the 
right lines given by pofition, ftdd likewlft 
there be drawn perpendiculars t© the 4 lines 
found, the ftxth power of the perpendicular 
drawn to one of the right lines giVeri by pofiti^* 
on, together with the power to whicb the fixth 
power of the perpendiailar drawn; to another 
of the lines given by pofition -has the fame 
ratio that a has to ^, together with the power 
to which the fixth power of the perpendicu- 
lar drawn to another of the limes given by po* 
fition has the (iti\t ratio that H ha^ tar, and 

QL3 ^^ 



i "6 ] 

Let there be any number greater than 3 of 
given points ; and let a^ h^ c^ &c. be given 
magnitudes as many in number as there are 
given points : 4 points* may be found, fuch» 
that if from all the given points and the 4 points 
found there be drawn right lines to any pointy 
the fixth power of the line drawn from one of 
the given points, together with the power to 
which the fixth power of the lihe drawn from 
another of the given points has the fame ratio 
that a has to ^, together with the power to 
which the fxxth power of the line drawn from 
another of the given points has the fame ratio 
that a has to c, and fo on, will be to the fum 
of the fixtb powers of the lines driwn from 
the four points found, as the fum of a, b^ c, 
&c. to 4 tf . 

Again, Let ;y ==4; and the theorem will 
be as follows. 

Let there be any number greater than 4 of 
given points 5 and let j, ^, r, &c. be given 
magnitudes as many in number as there are 
given points ; 5 points may be found, fuch, 
that if from the given points and the 5 points 
found there be drawn right lines to any point, 
the eighth power of the line drawn from one 

of 
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of the given points, together with the power 
to which the eighth power of the line drawn 
from another of the given points has the fame 
ratio that a has to 6^ together with the power 
to which the eighth power of the line drawn 
from another of the given points has the fame 
ratio that a has to r, and fo on, will be to the 
funi of the eighth powers of the lines drawn 
from the 5 points found, as the fumof tf, ^, 
<r, (^c. to 5 a. 



PROPOSITION XLV. , 
Theorem XUI, 

Let there be any number of right lines inter ^ 
feBing each other in a pointy and making alt 
the angles round the point of interfe^ion 
equal \ let m be the number of the lines ^ and 
kt n be any number lefs than m i and from 
any point let there be drawn perpendiculars 
to the right lines^ and likewife a right 
line to the point of inter feSlion j let v be 
the line drawn to the point of interfe^ion : 
the fum of the zn powers of the perpenr^ 

diculars 
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Mcukts ^avfn to the right tines mil be 
equal to m ^' 3.;- 7 •••»>'-» ^^»«^ 

■^ 1.2. 3.4. • . «.»■ 

The numbers in the numerator are to be 
continued till the lafl number be equal to 
2« — I, and are to be continually multiplied 
into one another 5 the numbers in the deno- 
minator are to be continued till the kfl num-^ 
ber be equal to fr, and aire to be continually 
multiplied into one another, and their product 
by 2». 

For example, Let » = 3 s and the theorem 
will be as follows. 

Let there be any number greater than 3 of 
right lines interfering each other in a point, 
and making all the angles round the point of 
|nterfe(ftion equal; and let m be the number of 
the lines; and from any point let there be drawn 
perpendiculars to the right lines, and likewife 
let there be drawn a line to the point of inter- 
feftion, and let v be the line drawn to the point 
of interfeftion : the lum of the fixth powers of 
the perpendiculars drawn to the right lines, wiU 

te equal to^x '' ^'^ x^^ =wx-4^'u^. 

Again,. 
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Again, Let7? = 4i and the theorem wilt 
be as follows. 

Let there be any number greater than 5 of 
right lines interfering each other in a point, 
and making all the angles round the point of 
interfedion equal ; and let the number of the 
lines be ;« ; and from any poiat let there be 
drawn perpendiculars to the right lines, and 
likewife let there be drawn a right line to the 
point of InterfedioQ, and let 'U be the line 
drawn to the point of inteifedion : the fum 
of the eighth powers of the pcrpeodiculars 
drawn to the ri^t lines, will be equal to 

m X '' ^'^^ ^ — - xnv*=a/;!rx^V 'o^ And fo 

I. 2. 3. 4. z* 

on. 

Colt. If there be any number of Knes in- 
tcrfoaing each other in a given point, and 
makii^ all the angles round the point of inters 
fedion equal ; and m be the number of the 
lines, and n any number lefs than m f and 
from a point there be drawn perpeDsdiculara 
to the right lines ; and the fum of the 2« 
powers of the perpendiculars be invariable : 
the point from which the perpendicuWs are 
drawn, will be in the circumference of a given 
circle. 

PRO- 
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l>ROPOSITiON XLVt 

Theorem XLIII. 

ZjCt there be arr^ number of right lines given bf 
pofition^ that are either all parallel to each o- 
ther^ or interfering each other in one point i 
and let ni be the number of the lines^ andn anj 
number iefi than m^^\ 2 there may be found 
»+i right lines that HioUl be given by pofi^ 
tion^ fuch^ that if from any point there be 
drawn perpendiculars to the right lines given 
by ppfition^ andlikewife there be drawn per- 
pendiculars to the lines founds the fum of 
the 2n powers of the perpendiculars drawn 
to the right lines given by pofition^ will be 
to the fum of the 2n powers of the perpendi* 
culars drawn to the lines founds as m to 

For ejcample. Let » = 3 ; and the theo- 
rem will be as follows. 

Let there be any number greater than 4 of 
right lines given by pofition, that are either 
all parallel to each other, or interfedting each 
other in one point; and let m be the number 

of 
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of the right lines given by pofition : there may 
be found 4 right lines that will be given by 
pofition, fuch, that if from any point there 
be drawn perpendiculars to the right lines 
given by pofition, and likewife there be drawn 
perpendiculars to the lines found, the fum of 
the fixth powers of the perpendiculars drawn 
to the right lines given by pofition, will be to 
the fum of the fixth powers of the per- 
pendiculars drawn to the lines found, as m to 4. 
Again, Let « = 4 ; and the theorem will 
be as follows. 

Let there be any number greater than 5 of 
right lines given by pofition, that are either 
all parallel to each other, or interfeding each 
other in one point ^ and let m be the number 
of the right lines given by pofition : there may 
be found 5 right lines that will be given by 
pofition, fuch, that if from any point there 
• be drawn perpendiculars to the right lines gi- 
ven by pofition, and likewife there be drawn 
perpendiculars to the 5 lines found, the fum 
of the eighth powers of the perpendiculars 
drawn to the right lines given by pofition, will 
' be to the fum of the eighth powers of the per- 

^ pendiculars drawn to the 5 lines found, as m 

* to 5. And fo on. 

J Q_ P R O- 
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PROPOSITION XLVIL 
Theorem XLIV. 

Let there be any number of right lines given 
by pojition^ that are either all parallel to each 
other ^ or inter feSting each other in one pointy 

^ let m be the number of the right lines given 

' by pojition^ and let n be any number lefs 
than m ; let ^ , b^ r, 8cc. be given magni^ 
tudes as many in number as there are right 
lines given by pojition : there may be found 
^ -+- 1 ^^ght lines that will be given by pofi- 
tion^ fucb^ that if from any point there be 

' drawn perpendiculars to the right lines gi- 
ven by pqfition^ and likenvije there be drawn 
perpendiculars to the lines founds the in 
power of the perpendicular drawn to one of 
the lines given by po/ition^ together with the 
power to which the 2n power of the perpen- 
dicular drawn to another of the lines given 
by pofitien has the fame ratio that a has to by 
together with the power to which the 2« 
power of the perpendicular drawn to another 
of the lines given by poftion has the fame 

ratio that a has to r, and fo on^ will be to 

the 
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thefum of the in powers of the perpendt-- 
culars drawn to the lines found ^ as the funi 
of a,b,c,ixc. /(?7+Tx«. 

For example. Let « = 3 ; and the the<H 
ttm will be as follows* 

Let there be. any number greater than j 
of right lines given by pofition, that are ti- 
ther all parallel to each other, or intef^ 
fedting each other in one point; and let 
a^ by c^ &c. be given magnitudes dS many lA 
fiumber as there are right lines given by pofi-^^ 
tion: 4 right lines may be foand that will 
be given by pofition, fuch, that if from any 
point there be drawn perpendiculars to th^ 
right lines given by pofition, and likewifc 
there be drawn perpendiculars td the 4 lines 
found, the &ctb power of the perpendicular 
drawn to one of the right lines giVen by pofiti* 
on, together with the power to whicb the fixth 
power of the perpfendiailar drawn; t6 another 
of the lines given by pofition has the fame 
ratio that a has to ^, together with the power 
to which the fixth power of the perpendicu- 
lar drawn to another of the limes given by po- 
fition has the fame ratio that a hai tar, and 

03 ^^ 
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fo on, will be to the fum of the fixth powers 
of the perpendiculars drawn to the 4 luies 
found, as the fum of tf, by r, &c. to 4^. 

Again, Let « = 4 j and the theorem will 
be as follows. 

Let there be any number greater than 4 of 
right lines given by pofition, that are either 
all parallel to each other, or interfering 
each other in one point ; and let ^, ^, f, &c. 
be given magnitudes as many in number as 
there are right lines given by pofition : 5 right 
lines may be found that will be given by pofi* 
tion, fuch, that if from any point there be 
drawn perpendiculars to the right lines given 
by pofition, and likewifc there be drawn per- 
pendiculars to the 5 lines found, the eighth 
power of the perpendicular drawn to one of 
the lines given by pofition, together with 
the power to which the eighth power of the 
perpendicular drawn to another of the lines 
given by pofition has the fame ratio that a 
has to by together with the power to which 
the eighth power of the perpendicular drawa 
to another of the lines given by pofition has 
the fame ratio that a has to r, and fo on, 
will be to fhe fum of the eighth powers 

of 
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of the perpendiculars drawn to the 5 lines 
found, as the fum oia^ h^ r, Sfr. to 5^. And 
fo on. 

Cor. Let there be any number of right 
lilies given by poiition, that are either all pa- 
rallel to each other^ or interfering edch other 
in one point ; let m be the number of the 
right lines given by pofition, and let n be any 
number lefs than m : there may be found « -4- 1 
right lines that will be given by pofition, fuch, 
that if from any point there be drawn right 
lines in given angles to all the right lines given 
by pofition, and likewife there be drawn per- 
pendiculars to the right lines found, the fum 
of the 2n powers of. the right lines drawn in 
given angles to the right lines given by pofition^ 
will be to the fum of the zn powers of the 
perpendiculars drawn to the lines found in a 
given ratio, 

PROPOSITION XLVIII. 

Theorem XLV. 

Let there be any number of right lines given by 
pofition^ that are neither all parallel to each 

other ^ 
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Other ^ nor interfering each other in one point ; 
and let the number of, the right lines given 
by pojition be w, and let n be any even num^ 
ber lefs than m — i: there may be found n^i 
. right lines that will be given by pofition^ 
fucb^ that if from any point there bie drawi 
perpendiculars to all the right lines given by 
pofitim^ and likmife there be drawn perpen- 
diculars U> the right lines founds thefum of 
then powers of the perpendiculars drawn to 
the right lines given by pofiiion^ will be to 
the fum of the n powers of the perpendiculars 
drawn to^ the lines jomd^ asmtpn^i. 

' For e»imple, Let;^ zs 6 ; and the theorem 

will be as follows. 

Let there be any number greater than 7 of 
right lines given by pofition, that are neitha: 
all parallel to each other, nor interfering each 
other in one point j and let m be the number 
of the right lines given by pofition : there may 
be found 7 right lines that will be given by 
pofition, fuch, that if from any point there 
be drawn perpendiculars to the right lines gi- 
ven by pofition, and likewife there be drawn 
perpendiculars to the 7 lines found^ the fum 

of 
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of the fixth powers of the perpendiculars 
drawn to the right lines given by pofition, will 
be to the fum of the fixth powers of the per- 
pendiculars drawn to the 7 lines found, as/» 

Again, Let « == 8 5 and the theorem will 
be as follows. 

Let there be any number greater than of 
right lines given by poGtbn, that are neither 
all parallel to each other, nor interfering each 
other in one point ; and let m be the number 
of the right lines given by pofition: there may 
be found 9 right lines -that will be given by 
pofition, fuch, that if from any point there 
be drawn perpendiculars to the right lines gi- 
ven by pofition, and likewife there be drawn 
perpendiculars to the 9 lines found, the fum 
of the eighth powers of the perpendiculars 
drawn to the right lines given by pofition, will 
be to the fum of the eighth powers of the per- 
pendiculars drawn ta the 9 lines found, as m 
tog. And fa on. 

PRO- 
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^ PROPOSITION XLIX. ^ 
Theorem XLVI. 

Let there be any number of right lines given by 
pojition^ that are neither all parallel to each 
other ^ nor interfering each other in one point j 
let m be the number of the right lines given 
by pofition^ and let a^ b^ r, &c. be given 
magnitudes as many in number as there are 
right lines given by pofttion^ let n be any 
even number lefs than m: there may be 
found « + 1 right lines that will be given by 
pofttion^ fuch^ that if from any point there 
be drawn perpendiculars to the right lines 
given bypofition^ and likewife there be drawn 
perpendiculars to the right lines founds the 
n power of the perpendicular drawn to one 
of the lines given by pofition^ together with 
the power to which the n power of the per^ 
pendicuhr drawn to another of the lines ^Z- 
ven by pofition has the fame ratio that a has 
tfi 3, together with the power to which the 
n power of the perpendicular drawn to ano^ 
ther of the lines given by pofition has the fame 
ratio that a has to c, and Jo on^ will be to 

the 
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ihejkmbfibenfxywefsofthpirftniicu'' 
iars ib'awn to the Unit founds at tbgjum of 

<7j h^ C, &C; ft W -h I X tf ; 

For cjtamplc^ Let /i =i 6 i and the theorem 
will be €is fbllows; 

Let there h^ an)r number greater than 6 of 
right lines given 1^ pofiddh^ that are tteither 
all parallel td esch other^ no; inftrfeditig each 
Other in one point; aiad let i^, 3, r^ &c. hi 
given thagditudes as mahy in number as therd 
arc right lines given by pofltioin : thefc may 
be fdund 7 right -linea that will be given by 
pofition^ fuch^ that if from any point there 
be drawn perpendiculars to the right lines gi-* 
if&A by pofition^ itid likewife there be drawn 
perpendiculars f§ the ^ lines found, the fi^th 
power of the pCTpefidicular drawn id one of 
the lines given by pofltion, together With thtf 
power to which the fiith power of the perpen* 
dicular drawn to another of the lines given by 
pofition has the fame ratio that a has to i^ togc-^ 
thcr with the power to which the fixth powet 
of the perpendicular drawn t6 another of the? 
fines given by pofition has the fame ratio that 
«r has to t^ and fo on^ will be to the ftxm d 
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the fixth powers of the perpendiculars drawn 
the lines found, as the fum of a^ b^c^ &c. 
toy a. 

Again, Let » = 8 } and the theorem will 
be as follows. 

Let there be any number greater than 8 of 
right lines given by pofition, that are neither 
all parallel to each other, nor interfering each 
other in one point ; and let ^, ^, c, &c. be gi- 
ven magnitudes as many in number as there are 
right lines given by pofition : there may be 
found 9 right lines that will be given by po^ 
fition, fuch, that if from any point there be 
drawn perpendiculars to the right lines given by 
pofition, and likewife there be drawn perpen- 
diculars to the lines found, the eighth power of 
the perpendicular drawn to one of the lines 
given by pofition, together with the power to 
which the eighth power of the perpendicular 
drawn to another of the lines given by pofi-^ 
tion has the fame ratio that a has to ^, toge- 
ther with the power to which the eighth 
power of the perpendicular drawn to another 
of the lines given by pofition has the fame 
ratio that a has tor, and fo on, will be to the 
fum of the eighth powers of the perpendicu- 
lars 
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lars drawn to the lines ibcuid, as the fom of ^^ 

by r, &c. to ga. 

Cor. Let there be any number of right 
lines given by pofition, that are neither all pa- 
rallel to each other, nor interfeding each other 
in one point ; let i» be the number of the lines 
^ven by pofition, and let » be any even num- 
ber lefs than /v: there may be found » + i 
right Ibes that will be given by pofition^ 
fuch, that if from any point there be drawn 
right lines in given angles to all the right lines 
given by pofition, and likewife there be drawn 
perpendiculars to the right lines found, the 
fum of the n powers of the lines drawn in gi- 
ven angles to the right lines given by pofition^ 
will be to the fum of the n powers of the per- 
pendiculars drawn to the right lines found in 
a given ratio, 

PROPOSITION L. 
Theorem XLVII. 

Let there be any figure given by pofitim\ let m 

be the number of the fides of the figure^ and 

let n be any odd number lefs than m — i : 

R z '^^^^ 
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there nuiy be found »-+»i right lines thai 
mil be given by pofition^fucby that if from 
fny point ^tbin the figure there he drawn 
ferpendisukrs to the Jidet of the figure^ 
and likewife there be dr(m» perpendiculart 
to the Hnes found, the fum of the n powers 
of the perpendiculars drawn to the fdes of 
the figure^ will be to the fum of then powers 
of the perpendiculars drawn to the Hnes 
ifs mton^t. 



For pcample, Let urcsi; 5 ; and the theot 
ffsai will be as follows^ 

Let there be any figure given by pofition of 
9 greater number qf fides than 6 ; and let m 
be the number qf the fides of the figure ; there 
piay be found 6 right lines that will be giveq 
by pofition, fuch, that if from any point within 
the figure there be drawn perpendiculars to 
the fides of the figure, and Ukewife there be 
drawn perpendiculars to the 6 lines found, the 
fum of the fifth powers of the perpendiculars 
drawn to the fides of the figure, will be to the 
fum of the fifth powers of the perpemiicukn 
^f^VVfi tp the 6 lines found<^ aa 10 to 6« 
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Agtin, Let ip=: 7 J and the theorem will 
h^ as follows, 

I^ there be any figare given by pofition 
of a greater number of fides than 8 ; and let 
m b9 the number of the fides of the figure ; 
tber@ may be found 8 right lines that wiU be 
l^ven by pofition, fuch, that if fr<xn any pomt 
within the figure there be drawn perpendicu- 
lars to the fides of the figure, and like wife 
there be drawn perpendiculars to the 8 lines 
foupd, the fuiq of the feventh powers of the 
perpendiculars drawn to the fides of the figure, 
will be to the funa of the feventh powers of 
the perpendiculars drawn to the 8 lines found, 
jis m to Sf And fo on^ 

PROPOSITION LL 

T H ? o R » M XLVIU. 

I^f there be any^ure given iypo/itimi md 
kt m he the number 9J thejiies of the fi^ 
gure^ and let n be any oddramber lefs thorn 
m*9 and kt a^ b^ c^ dec. be given magfdtudes 
as mmy in number as there are Jides in the 
Jigttre: there maybe J(m4n-^i right lines 

that 
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that mil be given by pofitim^ fucb^ that if 
' Jrom any point within the figure there be 
drawn perpendiculars to the Jtdes of the JU 
gure^ and likewife there be drawn perpendi^ 
culars to the lines founds the n power of the 
perpendicular drawn to one of tb^ fides of the 
figure^ together with the power to which the 
n power of the perpendicular drawn to an$^ 
ther of the fides of the figure has the fame 
ratio that a has to b^ together with the 
power to which the n power of the per pen* 
dicular drawn to another of the fides of the 
figure has the fame ratio that a has to r, 
and fo on^ will be to the fum of the n powers 
cf the perpendiculars drawn to the lines founds 

fts the fum of a^ b, c Sec. to n-^ i xa. 

For example, Let « = 5 j and the theorem 
will be as follows. 

Let there be any figure given by pofition 
of a greater number of fides than 5 ; and let 
a^ by Cy &c. be given magnitudes as many in 
number as there are fides in the figure : there 
may be found 6 right lines that will be given 
by pofition, fuch, that if from any point 
within the figure there be drawn perpendicu- 
lars 
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lars to the, fides.bf the figure, and likewife 
there be drawn perpendiculars to the lines 
found, the fifth power of the perpendicalar 
dmwn to one of the fides of the figure, 
together with the power to which the 
fifth power of the perpendicular drawn to 
another of the fides of the figure has the fame 
ratio that j has to ^, together with the power 
to which the fifth power of the perpendicular 
drawn to another of the fides of the figure 
has the fame ratio that a has to r, and fb on, 
will be to the fum of the fifth powers of the, 
perpendiculars drawn to the lines found, as the 
fum of ij, b^ r, &c. to 6a. 

Again, Let ii= 7 ; and the theorem will 
be as follows. 

Let there be any figure given by pofition of 
^ greater number of fides than 7 ; and let 
tf, b^ r, &c, be given magnitudes as many in 
number as there are fides in the figure : 8 lines 
may be found that will be given by pofition, 
fuch, that if from any point within the fi- 
gure there be drawn perpendiculars to the fides 
of the figure, and likewife there be drawn 
perpendiculars to the 8 lines found, the fc- 
Tenth power of the perpendicular drawn to 

one 
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one of the fides of the figui^e^ together witii 
the powdr to Which the feventh power of thd 
perpendicular drawn to another of the fides 
of the figure has the fame ratio that a has to 
^^ together With the power to which the 
icvetith power of the perpendicular drawn to 
another of the fides of the figure has the fame 
ratio that 4 has to c^ and fo on. Will be to thd 
film of the fcventh powers of the perpcndi-* 
culars drawn to the lines founds as the fom of 
a^ b^ c, &Ci to 8tf i 

Cor. Let there be any figure given by po» 
fition } and htm he the number of the fides 
of the figure^ and let H be any odd number lefs 
than m: there may be found n+i right lines 
that will be given by pofition, fuch, that if 
from any point within the figure there be 
drawn right lines in given angles to the fides 
of the figure^ and likewife there be drawn 
perpendiculars to the lines found, the fum of 
the rt powers of the lines drawn in given 
angles to the fides of the figure^ will be to 
the fum of the n powers of the perpendiculars 
drawn to the lines found in a given ratio^ 

N. B. la the following theorems by taking 
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SI point always on the fame fide the right Ibes 
given by pofition, we are to underfland that the 
point muft not be taken on different fides any 
one of the right lines given by pofition. 

The two lad theotencis may be made more 
general thus» 

PROPOSITION LH. 

Theorem XLIX. 

Lei there be any number of right lines given by 
pofition ; and let fn be the number vf the lines , 
and n any odd number lefs than m* — i : there 
may be found » -f-i right lines that will be 
given by pofition^ fuch^ that if Jrom any 
point always taken on the fame fide the 
right lines given by pofition there be drawn 
perpendiculars to the right tines given by 
pofition^ and likewife there be drawn per-^ 
pendiculars to the lines founds thefum of the 
n powers of the perpendiculars drawn to the 
right lines given by pofition ^ will be to the 
fum of the n powers of the perpendiculars 
drawn to the lines founds as mton-^ri. 

S For 
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For example. Let;? = 3 ; and the theorem 
will be as follows. 

. Let there be any number greater than 4 of 
right lines given by pofition ; and let m be the 
number of the lines : 4 right lines may be 
found that will be given by pofition, fuch, that 
if from any point always taken on the fame 
fide the right lines given by pofition there 
be drawn perpendieulars to the right lines gi- 
ven by pofition, and likewife there be drawn 
perpendiculars to the 4 lines found, the fum 
of the c\ibes of the perpendiculars drawn to 
the right lioes given by pofition, will be to 
the fum of the cubes of the perpendiculars 
drawn to the 4 lines founds as m to 4. 

Again, Let « =;= 5 5 and the theorem will 
be as follows* 

Let there be any number greater than 6 of 
fight lines giv«n by pofition ; and let » be 
the number of the lines : 6 right lines may 
be found that will be given by pofition, fucb^ 
that if from any point always taken on the 
fame fide the right lines given by pofition there 
be drawn perpendiculars to the right lines gi- 
ven by portion, and likewife there be drawn 
perpendiculars to the 6 lines found^ the fum 

of 
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of the fixth powers of the perpendiculars drawn 
to the right lines given by portion, will be to 
the fum of the fixth powers of the perpendi- 
culars drawn to the 6 lines found, asm to 6. 
And fo on. 

PROPOSITION Lm. 
Theorem L. 

Ze/ there be any number of right lines giveif 
by potion j arn^ let m be the number of the 
lines ^ and n any odd number kfs than rrt ; 
and let «, A, c, &c. be given ^magnitudes at 
many in number as there are right lines gi" 
ven by pofition : there may be found n-hl 
right lines that mil be given bypoftim^fucb^ 
that if from any point ahoays taken on the 
fame fide the right lines given by pofitio^ 

. there be dravm perpendiculars to the right 
lines given by pofition ^ and likewife there be 
drawn perpendiculars to the lines found, the 
n power of the perpendicular drawn to one 
ef the lines given by pofition, together with 
the po-wer to nehicb the n power of the per^ 
pendicular drawn to tmothtr ef the lines gi^ 
S a vett 
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ven by pofition has the fame ratio that a bos 
to &, together with the power to nobicb the 
n power of the perpendicular drawn to ano- 
ther of the lines given by pofition has the fame 
ratio that a has to r, andfo on^ will be to the 
fum of the n powers of the perpendiculars 
drawn to the lines founds as the fum of a,, 

b, r, &C. /(?«•+-! x<x^ 

< 

For example. Let « = 3 j and the theo* 
rem will be as follows. 

Let there be any number greater than 4 of 
right lines given by pofition ; and let a, b^ 
Cy &c. be given magnitudes as many in num- 
ber as there are right lines given by pofition : 
4 lines may be found that will be given by 
pofition, fuch, that if from any point always 
taken on the fame fide the right lines given by 
pofition there be drawn perpendiculars to the 
right lines given by pofition, and likewife 
there be drawn perpendiculars to the lines 
found, the cube of the perpendicular drawn 
to one of the lines given by pofition, together 
with the folid to which the cube of the per- 
pendicular drawn to another of the lines gi- 
ven by pofitipn has the fame ratio that a h^ 

to b^ 
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to i, together with the folid to which the 
cube of the perpendicular drawn to another of 
the lines given by poiition has the fame ratio 
that a has to c^ and fo on^ will be to the fum 
of the cubes of the perpendiculars drawn to 
the lines founds as the fum of a, b^ r, &c. 
to 4a. 

Again, Let » = 5s and the theorem will 
be as follows. 

Let there be any number greater than 6 of 
right lines given by poiition ; and let a^ b^ c, 
&c. be given magnitudes as many in number 
as there are right lines given by pofition: 
6 lines may be found that will be given by po« 
fition, fuch, that if from any point there be 
drawn perpendiculars to the right lines given 
by pofition, and likewife there be drawn per* 
pendiculars to the lines found, the fifth power 
of the perpendicular drawn to one of the lines 
given by pofition, together with the power to 
which the fifth power of the perpendicular 
drawn to another of the lines given by pofition 
bas the i^e ratio that a has to b, together 
with the power to which the fifth power of 
the perpendicular drawn to another of the 
lio^ giveQ by portion ha$ the fame ratio that 

a has 
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n has to r, and fb on, will be to the futn of 
the fifth powers of the perpendiculars drawa 
to the lines found, as the fum of ^, 6^ c, &c^ 
to 6a, And fo on. 

Cor. Let there be any number of right 
lines given by poiition; and let m be the 
number of the lines, and n any odd number 
left than m : there may be found n-^i right 
lines that will be given by poiition, fucfa, 
that if from any point always taken on the 
/ame fide the right lines given by pofitioo 
there be drawn lines in given angles to the right 
lines given by pofition, and lilcewife there be 
drawn perpendiculars to the lines found, the 
fum of the n powers of thc^ lines drawn in gi«> 
ven angles to the right lines given by pofition, 
will be to the fum of the ^ power^of the per^** 
pendiculars drawn to the lines ibund in a gi* 
ven ratio, 

PROPOSITION LIV, 

Let there be any number of right lines givm 
by pofition^ and parallel to each ether i and 
let n be any given number ; and from a point 
let tk^e be drawn right lines in given angles 



fo j// the right lines given by pojition ; and let 
the fum of the n powers of the lines drawn 
in given angles be invariable : the point 
f ram which the lines are dranm^ will be in a 
right line given by fo/ition. 

For emmple, Let « = 2 j and the propofi- 
tion wiU be as follows. 

L6t there be any nutobcr of right lines gi- 
ven by pofition,. and parallel to each other 5 
and from a point kt there be drawn right lines 
in given angles to the right lines given by po- 
fition ; and let the fom of the Iquarcs of the 
lines drawn in given angles be invariable : the 
point fronfi which the lines arc drawn, will 
be in a right fine given by pofition. 

Again, Let /^ = 3 j and the pf<^iition 
will be as follows. 

Let there be any number of right lines gi- 
ven by pofition, and parallel to each other ; 
and from a point let there be drawn right lines 
in given angles to the right lines given by pofi- 
tion ; and let the fom of the cubes of the lines 
drawn in given angles be invariable: the point 
from which the lines are drawn, will be in 
t right line given by pofition. 

PRO- 
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PROPOSITION LV. 

Lei there be any number of right lines given bf 
pofition^ that are not all parallel to each 
other \ letn-i-i be the number of the lines % 
and from a point let there be drawn perpen-^ 
dicukrs to the right lines given by pofition 1 
and let thefum of the n powers of the per-^ 
pendiculars be invariable : the point from 
which the perpendiculars are drawn^ will be 
in an oval figure that is a line of the n order^ 
or a line of an inferior order^ 

. This is a locus not only to all the various 
oval figures of lines of the n order, but Iike« 
wife to all the various oval figures of lines of 
any lower order ; that is, the various cafes of 
this locus will comprehend all the various 
oval figures of lines of the n order, and like* 
wife all the various oval figures of lines of any 
lower order., 

For exanaple. Let « = 3 ; and the pro- 
poiition will be as follows. 

Let there be four right lines given by po- 
fition, that are not all parallel to each other; 

and 
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6hd from a point let there be drawn perpcndi* 
culars to the right lines given by pofition ^ and 
let the fum of the cubes of the perpendiculars 
be invariable : the point fr(xn which the per^ 
pendiculars are drawn, will be in an oval fi'* 
gure that is a line of the third order, or will 
be in an ellipie or circle ; and the various cafes 
XDi tbk locus will comprehend all the oval fi- 
gures that are tines of the third order^ and like« 
wife the el%fe and circle^ 

If the right lines given by polition be tht 
fides of a iquare^ and the point frcMn which 
the perpendiculars are drawn^ be within tha 
^ fquare, the point will be in a circle. But 

If the right lines given by pofition be the 
fides of a parallelogram, and the point from 
which the perpendiculars art drawn. jbe taken 
within the parallelogram, the point will be in 
an ellipfe. 

Again, Let « === 4 5 and the propofition 
will be as follows* 

Let there be five right lines given by pofi- 
tion, that arc not all parallel to each other ; 
and from a point let there be drawn perpeii- 
diculars to the right lines given by pofitidn ; 
and let the fum of the fourth powejs of the 
T perpendiculars 
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pferpcndiculars be invariable : the point from 
which the perpendiculars are drawn, will be 
in an oval figure that is a line of the fourth 
order^ or will be in an oval figure that is a 
line of an inferior order. 

This is a locus not only to all the various 
oval figures of lines of the fourth order, but 
likewiife to all the oval figures of lines of the 
third and fecond order ; that is, the various 
cafes of this locus will comprehend all the va- 
rious oval figures of lines of the fourth order, 
and likewife all the various oval figures of lines 
of the third order, and alfo the cUipfe and cir- 
cle. And fo on. 



PROPOSITION LVL 

het there be any number p of right lines gi^ 
i "^^ bypojitim^ and likewife let there be awf 
number q of right lines given by pofitimi 
and let all the lines be either parallel id each 
ether ^ or all interfering each other in one 
point \ and let n be any number*^ and from 
a point let there be dr anion right lines in gi^ 
wn angles to all the right lines given by po^ 

Jition% 
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Jiiion ; and let the fum of the n powers of the 

lines drawn in given angles to the fir ft nunu- 

ber of right lines given by pofition be to the 

Jim of the n powers of the lines drawn in 

. given angles to the fecond number of right 

^ lines given by, pofition in a given ratio : the. 

point from which the lines are drawn^ will 

be in a right line given by pofition. 

For example. Let /ir =3 2 ; and the prop^- 
tion will be as follows. 

' Let there be p number of right lines given 
by pofition, and likewife let there be q num-- 
ber of right lines given by pofition ; and let all 
the right lines be either parallel to each other^ 
or all interfering each other in CMie point; 
and from a point let there be drawn right lines 
in given angles to all the right lines given by 
pofition ; and let the fum of the fquares of 
the lines drawn in given angles to the firft 
number of right lines given by pofition be to 
the fum of the fquares of the lines drawn in 
given angles to the fecond number of right 
lines given by pofition in a given ratio : the 
point from which the lines are drawn, will be 
HI 9 right line given by pofition^ 

T8 Again^ 



[ ,48 1 

• Again, Let « = 3 ; and the propo&tioa 
will be as follows. 

Let there be any number p of light lioea 
given by pofition, and likewife let there be any 
number q di right lines given by pofition;, 
and let alh the right lines be either parallel to. 
each other, or all interfedling each other in one 
point ; jind ironi a pdnt Irt there he drawn 
right lines in given angles to all the right 
lines ^en by pofition ; and. let the fum of 
the cubes of the lines drawn in given angles to 
the firft number of right lines given by pofi- 
tion be to the fum of the cidxs of the r^fat 
lines drawn: in given angles to the fecond num^ 
ber of right lines given by pofition in a given 
ratio: the point from which the lines are 
drawn in given angles, will be in a right line 
given by pofition, 



^ PROPOSITION LVIL 

het there he any even number of right lines 
given by pojitim j let 2n^2 be the number 
of the^ lines ; and from a point let there be 
drawn perpendiculars to the right lines gi* 



J 
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• ^n hy^ pofiiion ; and kt the fum of the 

: n pwers of the perpendiculan drofwn to half 

the nfimber <?/ right lines given by pqfition 

he to thepm of the n powers of the perpen^ 

: dicuiars drawn to the. remaining number of 

. right lines given by pofition in a given ra^ 

. Hon : the point from which the perpendicu^ 

. Jars are drawn, will be in a line, of the n orm 

, der^ ^ will he in a line of an inferior order ^^ 

This is a locus not only to all the various 
lines of the » order, but like wife to all lh§ 
TOfious lines of any lower order j that is, the 

various cafes of this locus will comprehend 
all the various lines of the » order, and like-* 
Vife all the various lines of any inferior order. 
For example, Let i? =;3 j and the propofi-? 
tion will be as follows, 

.. Let there be 8 right lines given by pofition i 
apd from ^ point let there be drawn perpendi- 
culars to the right lines given; by pofition; 
aind let the fum of the cubes of the perpendi- 
culars drawn to four of the lines given by 
pofition be tO the fum of the cubes of the 
perpendiculars drawn to the other 4 lines given 
by pofition in a given ratio ; the point from 

which 
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which the pcrpendicukrs arc drawn, will be 
in a line of the third order, or will be in a lino 
of the fecond order, or in a right line. 

This is a locus not only to all the various 
lines of the third order, but likewife to all the 
lines of the fecond order, and likewife to a 
right line ; that is, the various cafes of this k>* 
cus will comprehend all the lines of the third 
order, and all the lines of the fecond prder^ 
and a right line. 

Let there be two parallelograais given by 
pofition 5 and from a point within both figures 
let there be drawn perpendiculars to the fides^ 
of the figures ; and let the fum of the cubes 
of the perpendiculars drawn to the fides of the 
one be to the fum of the cubes of the perpen- 
diculars -draWn to the fides of the other in a 
given ratio : the point from which the per-** 
pendiculars are drawn, will be in a conic fe- 
dtionj and if the figures be both fquares, tho 
point will he in a circle, or in a right line. ^ 

In many other cafes of this propofition, the 
point will be in a conic fe£tion, and alfo in a 
circle, or in a right line. 

Again, Lct«=s4} and the propofition 
will be as follows. 

Let 
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. Let there be ten right lines given by pofi- 
tion^ and from a point let there be drawn per-> 
pendiculars to the right lines given by pofition; 
and let the fum of the fourth powers of the 
perpendiculars drawn to five of the right lines 
given by pofition be to the fum of the fourth 
powers of the perpendiculars drawn to the o- 
ther five lines given by pofition in a given 
ratio : the point from which the perpendicu- 
lars are drawn, will be in a line of the fourth 
order, or will be in a line of the third or fe- 
cond order, or will be in a right line. 

This is a locus not only to all the various 
lines of the fourth order, but likewife to all 
the various lines of the third and fecond order; 
that is, the various cafes of this locus will 
comprehend all the lines of the fourth order, 
and likewife all the lines of the third and fe- 
cond order, and alfo a right line. 

PROPOSITION LVIIt 

Let there be any number of right lines given by 
pofition^ that are not all parallel to eacho^ 
tber ; and let n be any number % and from 
a point let there be drawn right lines in given 

angles 



mgks to the right lines given by poJitkn\ 
imdletthefum of the n powers of the lines 
drawn in given angles be invariable : thi 
point from which the lines ar^ drawn^ will 
be in an irual figure that is a line of the n 
order ^ or a line of an inferior or den 

if the nutober of the right lines given bjf 
poiition be greater than n^ there may be found 
[by Cor, to 49. & 53.] n+i right lines that 
will be given by pofition, fuch, that if from 
any point there be drawn right lines in givea 
angles to all the right lines given by portion, 
and likewife there be drawn perpendiculars to 
the lines found, the fum of the n powers of 
the lines drawn in given angles to the right 
lines given by pofition, will be to the fum of 
the n powers of the perpendiculars drawn to 
the lines found, as the. number of the lines gi-^ * 
ven by pofition to«H-i; and becaufe the 
fum of the n powers of the lines drawn in gi- 
ven angles to the right lines given by pofition 
is invariable, therefore the fum of the n 
powers of the perpendiculars drawn to the 
»-hi lines found will be invariable : Therefore 
[54.] the point from which the perpendiculars 

arc 



t 153 3 

a)t dra\v% tvUl tse. in an oval figure that is 
a line of the n qtder^ or a line of an inferior 
order : And therefore the point from whicb 
the lines are drawn in given angles to the right 
lines given by pofition^ v^rill be in an oval fi- 
gure that is a line of the n order, or a line 
of an inferior order* 

Let « ±3 2 i and the propofition will be as 
follows. 

,' Let there be any number of right lines gi^ 
yen by pofition that are not all pairallel to each 
other J and from a point let there be drawn- 
right lines in given angles to all the right lines 
given by pofition V and let the fum of the 
fquares of the lines drawn in ghren angles be 
invariable : the point from which the lines are 
drawn will be in an ellipfe* . 

Again> Let «=s3i and the propofitioa 
will be as follows* 

Let there be any nupiber of right lines gi- 
ven by pofitioii that are not all parallel to each 
other; and from a point let there be drawn 
rigirt lines ingiveaafigles to all the right fines 
given by pofition 5 and let the fum. of the 
cubes of the lines dr a?wn in ^ven anglesi be 
iqvariaUe : the pomt from vfhy^h the lincis ar«i 
U drawn 
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drawn in given angles, will be in an oval fi* 
gore that is a line of the third order, or will 
Ibe in an ellipfe or circle; 

PROPOSITION LIX. 

irf there be any number p of right lines given 
by pofition^ and hkewife lei there be ~any 
number q, of right lines given by pojltlon^ 
and let n be any given number ; and from a 
point let there be drawn right lines In given 
angles to all the right lines given bypofitlon ; 
and let the fum of the n powers of the lines 
drawn In given angles to thefirfi number of 
right lines given by poftlon be to the fum' of 
the n powers of the lines drawn in given 
angles to the fecond number of right lines 
given by pofitlon In a given ratio : the point 
from which the lines are drawn will be In a 
line of the n order ^ or will be In a line of an 
inferior order. 

Let » = 2 5 and the proportion will be as 
follows. 

Let there he any number p of right lines 
given by pofition, and liltewifc let there be 

any 



any number g of right lines given by pofition j 
and from a poiqt let there be drawn right 
lines in given angles to all the right lines given 
by pofition ; and let the fum of the fquares of 
the lines drawn in given angles to the firft 
number of right lines given by pofition be to the 
fum of the iquares of the lines drawn in given 
angles to the fecond number of right lines gi- 
ven by pofition in a given ratio : the point 
from which the lines are drawn, will be in. a 
line of the fecond order, or in a right line; 
that is, the point will be in a conic fedion. 
Let there be two circles given by pofition^ 
and about each of the circles let there be a re- 
gular figure circumfcribed ; and from a point 
let there be drawn perpendiculars to the fides 
of both figures ; and let the fum of the iquares 
of the perpendiculars drawn to the fides of 
one of the figures be to the fum of the fquares 
of the perpendiculars drawn to the fides of 
the other figure in a given ratio : the point 
from which the perpendiculars are drawn, will 
be in a circle, or in a right line. If the gi^ 
ven ratio be the fame with that of the num- 
ber of the fides of the firft figure to the num- 
ber of the fides of the fecond, the point frpra 
U z which 



f ^56 ] 

which the perpendiculars are drawn^ will be m 
a right line given by pofition. 

In many other cafes of this propofition, the 
point wiirbe either in a circle, or in a right* 
line. 

Again, Let » =6 3;; and the propofition 
will be as follows. 

Let there be any number p of right lines 
given by pofition, and likewife let there be 
any number^ of right lines given by pbilition; 
and from a point let there be drawn right 
lines in giv€;n angles to all the right lines given 
by pofition ; and let the fufti of the cubes of 
the lines drawn in given angles to the firft 
number of right lines given by pofition be to 
the fum of the cubes of the lines drawn in ^- 
yen angles to the fecond number of right lines 
given by pofition in a given ratio i the point 
from which the lines are drawn, will be in a 
line of the third order, or in a line of the fe- 
cond order, or in a right Ibe. 

For example. Let there be a parallelogram 
given by pofition, and likewife let there be a 
regular figure of a greater number of fides 
than three circumfcribed about a circle given 
by pofition J and from a point within both fi-f 

^urcii 
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gures let there be drawn perpendiculars to the 
fides of both figures ; and let the fum of the 
eubes <^ the perpendiculars drawn to the fides 
cf one of the figures be to the fum of the 
oibes of the perpendiculars drawn to the fides 
of the other figure in a given ratio ; the point 
fit>n9 which the perpendiculars are drawn^ will 
be in a line of the fccond order, or will be in 
a right line ; that is^ the point will be in a 
fonic fedion, 

Let there be two circles given by pofition, 
and about each of the circles let there be a re-« 
gular figure of a greater number of fides than 
three circunafcribed j and fronj a point within 
both figures let there be drawn perpendiculars 
to the fides of both figures ; and let the fiim 
of the cubes pi the perpendiculars drawn to 
the fides of one of the figures be to the fum of 
the cubes of the perpendiculars drawn to the 
fides of the other in a given ratio : the point 
from which the perpendiculars are drawn, 
will be in a circle, or ip a right line. 

If. the multiple of the diameterof the firfl 
drcle by the number of the fides of the figure 
Circumferibed about it be to the multiple of 
(he diameter of the fecond circle by the num- 
ber 
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jber of the fides off the figure circumicribed 
about it in the given ratio, that is, as the (utik 
of the cubes o£ the perpendiculars drawn to 
the fides of the figure circuxnfcribed about tl^ 
firft circle to the fum of the cubes of the 
perpendiculars drawn to the fides of the figure 
circumfcribed about the fecond circle; the 
point from which the perpendiculars lare 
drawn, will be in a right line. 

In many other cafes of this propofition, the 
point from which the lines ^re drawn, wilt be 
in a circle, or in a right line. 

The fcJlowing propofitions are a few pro- 
perties of the circle that occurred when con-* 
fidering foa\e of th^ fore^ojbg propofi^tions* 

PROPOSITION LX. Fig.ig. 

Ijet there he a circle given by pojiiion^ and let 
A^B ie two given p&inisy a point C maybe 
found within the circle^ Juch^ that, if through 
the point C there be drawn any line meeting 
the circle in D, E, and kV>^ BD, AE, BE 
he joined^ the reBangle ADB will be to tbt 
reSiangle AEB as CD to CE. 

PRO- 
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PROPOSITION LXI. Fig.zo. 

Jji tbere.be a cin^e given by pofition^ and^wo 
points kS^ given I two right lines DE, DF 
may be founds fuch^ that if from the points 
A, B there be drawn AG, BG to any point G 
in the circumfermce of the circle^ and from 
the point Gttere be drawn GH, .GK per- 
pendicular to DE, DF, the fum of the 
fquares ^GH, GK wfll be to the reSf angle 
AGB jj the reStangJe AGB to a certain gi- 
venfpace ; that /;^. the reSlangle AGB will 
be a mean proportional between the fum of the 
fquares of GH, GK and a certain given 
Jpace. 

PROPOSITION LXII. Fig.zi. 

Let there be a circle given by pofition^ and let 
there be two right lines AB, AC given by 

. pojition ; and let a, b be two givm magni- 
tudes: a point Y^ may be founds fuchy that 
if through the point D there be drawn any 
right line meeting the circle in E,'F, and 
from^ the point E there be drawn EG, EH 

perpendicular 



perpendicular to AB, AC, and from the 
point F ikere be, drawn Jikewife FK> FL 
perpendicular tb AB, AC, the Iquare of EG 
togetheir with the Jpace to 'wincb the fquare 
^f EH has tbi fimie ratio that a basiq b^ 
mil be to the [quart rf FK together with 
' the jpa^ to "which the fjuare oj FL hgst.the 
Jame ratio that a has. to b^ as the Jtpuire 
of ED to thejquare oj DF* 

fROfOSlTiON LXm. Pig.2i.22. 

Let there be d circle given by pofition^ and let 
AB, AC be two right lines given by pojition^ 
and let the angle BAC '^^ equal to two angles 
of an equilateral triangle ; two right Unei 

DE, DF may be found that will be given by 
pofition^ fuch^ that if from any point G rt 
the circumference of the circle within the 
angle BAC there be drawn GH, GKper^ 
pendicular to AB, AC, and Ukewife there 
be drawn GL, CM perpendicular to DE, 

DF, the fum of the cubes of GH, GK 
will be equal to afolid whofe ba/e is the fum 
of tbejquares of GL, GM, and altitude a 
given line. 

PRO- 



J 
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PROPOSITION LXIV^ Fig.ij^. 

Let there he a circle given by poJ%tio% and 

AB, AC tisoo right lines given by pofition^ 
and let the angle BAC be equal. to two angles 

/ of an equilateral triangle^ and let the circle 
be contained within the angle BAC ; a point 
D may be founds fuch^ that if through the 
point D there be drawn any line meeting the 
circle in E, F, andjrom the point E there 
be drawn EG, EH perpendicular to AB^ 

AC, and likewife there be drawn FK, FL 
perpendicular to AB, AC, the Jum of the 
cubes of EG, EH, will be to the Jum of 

' the cubes of FK, FL, as thefquare of DE 
to the fquare of DF/ 

There arc many properties of the circle and 
Conic fedlions fimilar to tbefe, that will natu-« 
rally occur to fach as confider fome of the fore* 
going propofitions, and that may be of confi-* 
derable. uie in folving feveral problems, that at 
firft view would feem to require a line of a 
)ugh order, when the Solution ntiay be eafily 
had by a conic fedtion. 

For example^ Fig. 2o» Let there be a cir- 
X <^le 
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cle given by pofition, and two points A, 6 gi« 
yen ; and let it be required to draw from the 
given points A, B right lines to a point G in 
the circumference of the circle, fuch, that the 
rcdangle AGB may be equal to a given fpace. 

The folution of this problem, at firft view, 
would feem to require the Caffinian curve, a 
line of the fourth order } but it may be folved 
by the interfedtion of an ellipfe and circle. 
. Becaufc [6i.] two right lines DE, DF arc 
given by pofition, fuch, that if from the gi- 
ven points Ay B there be drawn right lines to 
any point G in the circle, and from the point 
G there be drawn GH, GK perpendicular to 
DE, DF, the fum of the fquares of GH, 
GK, will be to the redanglc AGB as the reCt- 
angle AGB to a given fpace ; and becaufe the 
re^ngle AGB is equal to a given fpace, the 
fum of the fquares of GH, GK, will be equal 
to a given fpace : Therefore the point G will 
be in a given ellipfe. And therefore the point G 
may be found by the interfedion of a given 
ellipfe and circle. 

If the given points A, B be in the diameter, 
or if they be equally diftant from the centre, 
or if the re^angle contained by their diftances 

from 
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from the centre be equal to the fquareof the 
femidiameter of the circle, the point G may 
be found by the inter&dion of a right line and 
circle. 

This problem has both a maximum and 
minimum, if none of the given points be in , 
the circle ; but if one of the given points be 
in the circle, it has only a maximum. 

This problem may be folved otherwife by 
the fixth propofition. 

From this it is evident, that a circle can in- 
tcrfed: the Caffinian curve in no more than 
lour points. 
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ADVERTISEMENT. 

'T'HIS T'reat'tfe was compofed in 
Latin about Jixty Tears ago by Dr, 
David Gregory, then ProfeJJ'or ofMa- 
themattch in the Univerftty ^t/" Edin- 
burgh, where it has been conjiantly 
taught Jince that time, irnmediately af- 
ter Euclid'j Elements and the plain 
Trigonometry y as proper for ejcercifmg 
, the Students in the application of Geo-- 
metry to Pra^ice. The Bookfetler ha^ 
ving procured an Englifli Tranjlati- 
on of it, which had been made by an 
ingenious Gentleman when a Student 
hercy this Tran/lation has been revifed ; 
and fever al Additions ha^e been made 
to the Treatife itfelfy in order to ren- 
der it more ufeful at this time. The 
B^eader will find thefe diflingui/hed 
frxfm the Author" s Text, 

College of Edinb, 
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TREATISE 



O F 



Pra&icalGeometry, 



Aving explained the 
firft books of Euclid^ 
with the eleventh and 
twelfth, which may 
ferve for geometri- 
cal elements f and ha« 
ving alfb taught the plain Trigo- 
nometry J we are now to fubjoin fome 
corollaries which are eaftly deduced 
from them, that contaia practical 

A , rules 




2 A Treatife of 

rules oJF great ufe in the affairs of 
life, concerning the menluratiori of 
lines, angles, furfaces and folids. 

This treatife of pradical Geome- 
try is divided into three parts. In 
the firft, we treat of the meniurati- 
on of lines and angles j to which we 
have fubjoined' Surveying. In the 
fecond, "we treat of furfaces, not of 
fuch as are plane only, but of fome 
curve furfaces likewife j as of the fur- 
face of the cylinder^ cone ^nd fpherc; 
Jtnd of thole parts of the fphere 
Vhieh we have frequently occafion 
to confider. It is fnewn how to ex- 
prefs "the area of theffc in the fuper- 
ncial meafures that are now in ufe a- 
mongfl us. The third part treats of 
iblid figures ^nd their menfuration. 
After deducing the rules for finding 
the folid content of the paralellopi- 
pedbn, prifm, pyramid, cylinder, 
cone, &c. from £»c//^, we add from 
'Amh'imedes the menfuration of the 
fphere and.fpheroid, and of their feg- 

- ments. 



pra^kal Geometry. ^ 

ttients, demonftrated in aneafyman-: 
ner j from whence a method is deri- 
ved for finding the contents of veffelsl 
that are either full, or in part empty, 
in the wet as well as the dry mea- 
/iires that are now in ufe amoijgft us. 

PART I. 

A Line, or length to be mea- 
fured, whether it ,be diftaftce, 
height or depth,is meaftired by a line 
lefs than it. With us the leaft mea- 
sure of length is an inch j not that 
we meaftire no line leis than it, but 
becaufe we do not ufe the name of 
^ny meafure below that of an inch j 
exprefling leffer meafores by thie fra- 
<5tions of an inch j and in this.treatife, 
we ufe decimal fractions as the eafieftr. 
Twelve inches mfake a foot, three 
feet and an inch ipake the Scotch d\y 
iix ells make a fall, forty falls make 
furlong, eight fiurlongs make a 
A z mile. 
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jhile. So that the Scotch mile is 1 1 S4 
paces, accounting every pace to be 
five feet.Thefe things are according 
to the ftatutes of Scotland^ notwith- 
flanding which the glaziers ufe a foot 
of only eight inches j and other ar- 
tifts for the moft part ufe the £/jrgfi/j& 
foot, on account of the feveral Scales 
marked on the Engltjh foot-meafiirc 
for their ufe. But the Englijh foot 
is fomewhat lefs than the Scotch, fo 
as that i8y of thefe make 186 of 
thdfe. 

Lines, to the extremities and any 
intermediate point of which you have 
eafy accefs,are meaftired, by applying 
to them the common meafure a num- 
jber of times. But lines, to which 
you cannot have inch accefs, are mea- 
lured by methods taken from Geo- 
metry. The chief whereof we {hall 
here endeavour to explain. The 
firft is by the help of the geonactri- 
cal fquare. 

^[ As for the Englt/h meafures, the 

" yard 



€C 

CC 

ft 

<c 



praBked Geemefry, 5 

yard is three feet or thirty fix in* 
ches. A pole is fixtcen feet and a 
half, or five yards and a half. The 
chain, commonly called Gutter's 
chain, is four poles, or twenty 
two yards, that is fixty fix feet. An 
** Efsgl/fl) ftatute mile is. fourfcore 
" chains, or 17^0 yards, that i$ 
** 5280 feet. 

" The chain (which is now much 
** in ufe, becaufe it is very conveni- 
** ent for furveying) is divided into 
" a hundred links, each of which 
** is 7 ^« of an inch j whence it is 
** ealy to reduce any niimber of thofe 
'* links to feet, or any number of 
** feet to links. 

" A chain that may have the fame 
*' advantages in furveying in Scot- 
*' laftd is Gufiter's chsiin has in Eftg-^ 
^' land^ ought to be in length ievtety 
*' four icfit, or twenty four Scots ellsj 
*' if no regard is had to the di£fer- 
'* ence o^f th.Q Scotch and Englijb 
f fobt ^ove-mentioned. Butifre- 

" gard 
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gard is had to that difference, the 
Scotch chain ought to confift of 
74 ; Engl'tJJj feet, or 74 feet, 4 
inches, and t of an inch. This 
chain being divided into an hun- 
dred links, each of thofe links is 
8 inches, and fllo of an inch.'* 
In the following table the moft 
noted meafures are exprefled ia 
Englijh inches and decimals of an 
inch. 

Eng.Inch. Dec. 

The Engl'tjh foot is - i% 600 

The P«m foot, - iz 788 

The Rh'tnland foot, meafiir- 

edby Mr. Picarty ' - ii ^61 

The Scotch .{ooty - ii 065 

The Amfterdam foot by 

• Snellim and Picarty - 11 171 

The Dantzick foot by He- 

veliusy - - II 2^7 

The Dantjh foot by Mr. P/- 

carty - - - II 4(Jj 

The Swedijh foot by the 

fame, -; - - n 6^i 

The 
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'"■''' Inch, Dec, 

The Brtiffels foot by Mr. 

Picarf, - - - lo 828 
The Lyons - foot by Mr. 
. Juzout, - - 13 4j8 

The Bomman foot by Mr. 

Cafflm, - - 14 P38 

The Milan foot by Mr. 

Auzouty _- - ij (Jgi 

The Roman Palm nied by 
merchants, according 
to the famcy - 9 701 

The Roman palm ufed by 

,Archite(as, - - 8 yya 

The palm of Naples^ ac- 
cording to Mr. Auzouty 10 314 

The £«^///^ yard, - 7,6 000 

The Engltjh ell, - - 45 000 

The JVo/c^ ell, - 37. 200' 

The P^m aune ufed by 
Mercers, according to 
Mr. Picard, - 415 78^ 

The. Paris aune uled by 
Drapers, -according to - 
the fame, - - 4^ 6%o 

' •: ' ~ The 

\ 
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Inch, Dec» 
The Lyons aune by Mr. 

Aizottty - - 4<J 570 

The Geneva aune, - 44 760 

The Amfterdam ell, - x6 800 
Thei)tf»/> ell. by Mr. Pi^ 

carty - - 24 930 
The *$«;^^i/Z> ell, - 23 380 
The Nprway ell, - 24 jio 
The Brabant or Antwerp ell, 17 170 
The 5ri#/j dl, - 27 160 
The Bruges ell, - 17 jjo 
The brace e£ Bononia ac- 
cording to Auzvuty - i J 100 
The brace ufed by archi- 
. tect». in, Rome, - 30 750 
The brace ufed in Romehy 
> merchants, -^ 34 170 
^hc Florence brace ufed by 
merchants, according to 
Picart. - - 22 910 
The /Z?r^»c^ geographical 

bracq, - - II 570 

The vara c£ Sevflle, - 33 127 

The vara t)f Madrid, " 3^ 16^ 

1 >' ~ The 
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The vara o( Portugal, 44 ,051 
The cavedo of Portugal, 27 3 54 
The atttieht Roman foot, 11 6^% 
'thcPerfiaftsiifh, accord* 

to Mr. Greavesy j8 ^6\ 

The {horter pike of Con* 

fioHunopky accJordingto 

the fame, - ay 57^ 

Another pike of Confian-^ 

fi'mopky according to 

lAtm%. Mallet zxidiDe la 

Portey - - 27 ^2d 



PROPOSITION I. 

Problem I. 

To defer the the ftruBure of the geame- 
trtcal fquare. 

THE geometrical fquareis made 
of any folid matter, as brafs 
of \t^ood, or of any four plain rulers 
joined together at right angles, (as 
B ' in 
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in figi I.) where A is the centre, 
from which hangs a thread with a 
jfmall weight at the end, fb as to be 
direded always to the centre. Each 
of the (ides, BE, ^nd DE, is divided 
into an hundred equal parts, or (if 
the fides be long enougn to admit < 
of it^ into a thoufand parts j C, and 
F, are two fights fixed on the fide 
AD. There is naoreover an index 
GH, which, when there is occafion, 
is^ joined to the centre A in fiich 
manner as that it can move round, 
and remain in any given fituation. . 
On. this index are two fights per- * 
pendicular to the right line going 
from the centre of the infjtrument,- 
thefe are K and L. The fiil^DE of 
the inflruihent is called the upright 
fide^ BE the reclining fide. 



PROPO- 
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PROPOSITION II. Fig. 2. 

To meafure an accejjihle height^ AB, 
iy the help of a geometrical fquarCy 
its dtfiance being known, 

LET BR be an horizontal plainy 
r on which there ftjinds per* 
pendicularly any line AB : Let BDj 
the given diftance of the obferva* 
tor from the height, be 96 feetj 
let the height of the obfervator's 
eye be fuppofed 6 ictt-^ and let the 
Inftrument held by afteady hand, or 
rather leaning on a fupport, be di- 
re<5ted towards the fummit A, fothat 
one eye, (the other being fhut, ) may 
fee it clearly thro' the fights j the 
perpendicular or plum-line mean 
while hanging free, and touching 
the furface or the inftrument : Let 
now the perpendicular be fuppofed 
to cut off on the right fide KN 80 
equal parts: It is clear that LKNj 
B 2 ACK, 
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ACK, are fimilar triangles j for the 
angles LKN, ACK, are right angles, 
and therefore equal j moreover LN 
and AC are paralell, as being both 
perpendicular to the horizon ; con- 
lequently, by prop* 19. i. B. $f Eu". 
clia. the angles KLN, KAC are e- 
qual J wherefore by the fecond cor- 
rolary of the ^i. prop. 1. B. of Eu- 
flidf the angles LNK,andAKC, are 
iikewife equal : So that in the triangle^ 
^KL, KAC (by the 4, prop, of the 
6. B. o£ Euclid) as NK : KL : ; KC 
(/. e, DBj : CA ,• that is, as 80 to 
100, fo is 9^ feet to CA. There- 
fore, by the rule of three, CA will 
befoundtobe no feet; and CB, 
which is 6 ktty being added, |he 
whoje height is iid feet. 

But if the diftance of the obfer- 
vator from the height, as BE, be 
iiich that when the ioftrument is di- 
rected as formerly toward the fvm- 
mit A, the perpendicuUr fall QQtl^ 
angle P, oppofite to H> the ci^tre 

of 
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of the inftrameat ; and BE or CG b^ 
given of no feet, CA. will alio be 
120 feet. For. in the triangles HGP» 
ACG, aequi-angular, as in the pre-i 
<:eecling cafe, as PG : GH : : GC ; 
GA. But PG is equal to GH -, thcsc^ 
fore CC is likewife equal to CA^ 
That is, C A will be 1 2o feet, and th^ 
vhole height ii6 feet, as before. 

Let the diftance BF be 300 feet, 
and the perpendicular or plum-line 
cut off 40 equal parts from the recHn~ 
ing fide : Now in this cafe the angles 
QAC, QZI, are equal, by the 29. 
prop, I. B. o£ Euclid, And by the 
fame prop, the aneles QZI, ZK are 
equal ; therefore the angle ZIS is €-> 
qual' to the angle QAC. But the 
angles ZSI, QCA are equal, being 
rignt angles. Therefore in the «- 
quiangular triangles ACQ, : SZI, 
by the ^.prop, ot the 6, B. o( Et^^ 
(lid, it will be as ZS ; SI : : CQ, ; 
CA. That is, as 100 to 40, Co i$ 
300 to CA. Wherefore, by the rule 

of 
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of three, CA will be found to be of 
1 20 feet. And by addinjg the height 
of the obfervator, the whole B A will 
be I id feet. Note, that the height 
is greater than the diftance, when 
the perpendicular cuts the right fide, 
and left, if it cut the reclined fide : 
And that the height and diftance 
are equal, if the perpendicular fall 
©n the oppofite angle, 

SCHOLIUM. Fig. 3. 

» 

If the height of a tower,to be mea- 

fured as above^ end in a poiht, as in 

fig. 3. thediftance of the obfervator 

oppofite to, it, is not CD, but is 

to be accounted to the perpendicular 

from the poitit A,- that is, to CD 

muft be added the half of the thick- 

nefs of the tower, viz. BD: Which 

iriuft likewife be uriderftood in the 

following propofitions, when tfiie cafe 

is fimilan /■ ' 

PRO- 
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PROPOSmON III. Prob. Fig. 4. 

]^rom the height of a tmi}er AB gtvetty 
to find a dtfidnce on the horizontal 
plain BCjhy the geometrical fquare. 

LET the inftrument be fo placed 
as that the mark C in the op- 
pofite plain may be feen through the 
fights, and let it be obferved how ma* 
ny parts are cut off by theperpcridi- 
cular. Now by what hath been al- 
ready dcnionftrated, the triangles 
AEF, ABC, are fimilar ; therefore, 
by 4th, 6, EucL it wiil. be,as EF to 
AE, fo AB (compofed of the height 
of the Tower BG, and of the height 
of the centre of the inftrument A, 
above the tower AG) to the diftance 
BC. Wherefore, if by the rule of 
three,' you fay, as EF to AE, fo isAB 
to BC, it will be the diftoce fought; 

PRO- 
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PROPOSITION IV. FiG.'y. 

70 meafitre any diftance at land w 
feay by the geometrical fquare. 

IN this operation the index is to 
be applied to the inftrument, as 
was fhown in the defcription ^and by 
the help of a fupport, the inflrument 
u to be placed horizontally at the 
point A ,• then let it be turn*d till the 
remote point F^whofe diftance is to be 
meaiured, be feen through the fixed 
Rights : and bringing the index to be 
parallel with the other fide of the in- 
nrument, obferve by the fights upon 
it any acceffibk mark B, at a fenlible 
diftance : then carrying the inftni' 
fDcottothe point 6, let the immove- 
able fights he direded to the ^rfl 
ftation A,asd the fights of the index 
to the point F. If the index cut the 
right fade of the fquare, as in K, 
itL the two triangles BKK^ and BAF, 

which 
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which are a^quiangular, it will be 
(by 4th 6,Eucl.) as BR to RK, fo 
BA (the diftance of the ftations to 
be meafured with a chain) to AF j 
and the diftance; AF fought, will be 
found by the rule of three. But if 
the index cut the reclined fide of the 
fquare in any point L, where the 
diftance of a more remote point is 
fought i in the triangles BLS, BAG, 
"the fide LS fhall be to SB, as BA to 
AG the diftance fought, which ac- 
cordingly will be found by the rule 
of three. 

PROPOSITION V* 

P R o B. Fig. 6, 

To meafure an accejjihle height hy 
means of a plain mirror. 

LEt AB be the height to bemea- 
fiired J let the mirror be placed 
at C, in the horozontal plai^i BD a| a 

C i^nown 

t 
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known diftance BC : let the ob- 
fervor go back to D, till he fee 
the image of the fummitin the mir- 
f or, at a certain point of it which he 
muft diligently mark, and let DE be 
the height of the obfervator's eye. 
The triangles ABC andEDC are «- 
' quiangular : For the angles at Dand 
B are right angles j and ACB, ECD, 
are equal, being the angles of inci- 
dence and reflediion of the ray AC, 
as is demonftrated in optics j -where- 
fore the remaining angles at A> and 
E,arealfo equal : therefore, by 4tb, 
6. EucL it wUl be, as CD to DE, fo 
CB,to BA J that is, as thediftanceof 
the obfervator from the point of the 
mirror in the right line betwixt the 
obfervator and the height, is to the 
height of the obfervator's eye, fo 
is the diftance of the tower from 
that point of the mirror, to the 
height of the tower fought ,♦ which 
therefore will be found oy the rule 
of three. 

Note 
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Note ift, The pbfervator will be 
more exai(3: if at the point D, a ftalF 
be placed ia the ground perpendicu- 
larly, over the top of which the ob- 
iervator may fee a point of the glaft 
cxa<5i:ly iti a Uoe betwixt him aadthe 
tower. 

Note zd, In place of a mirror may 
be ufed the furface of water contain^ 
ed in a veflel, which naturally bc^ 
comes parallel to the horizon. 

PROPOSITION VI, Fig. 7. 

7^ meafure an accejjibh height A B 
^y means of two fiaves, 

LET there be placed perpendicu* 
■ larly in the ground a longer 
ftaff DE, likewife a fhorter one FG, 
ib as the obfervator may fee A, the 
top of the height to be meafiired, 
pvcr the ends D, F, of the two ftaves ; 
let FH and DC parallel to the hori- 
3toix meet DE and AB ift H and C, 
C 2 thea 
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then the triangles FHD, DCA,{haU 
be asquiangular ^ for the angles at C, 
and H, are right ones, iikewiie the 
angle A, is equal to the angle FDH, 
by ap. I. EucL wherefore the re^ 
maining angles DFH, and ADC, are 
alio equal : wherefore by 4. 6. Ruck 
as FH, the diftance of the ftaves, to 
HD the excefs of the longer ftaff 
above the (hotter, fo is DC the ^-^ 
ftance of the longer ftafffrom the 
tower, to CA the excefs of the height 
of the tow^r aboye the longer ftaff» 
And thence CA will be found by the 
rule of three. 

To which if the length DE be ad- 
ded,you will have the whole height of 
the tower BA, Q^ E. F. 

S CH L I UM Fig. 8, 

Many other methods may be 
occafionally contrived for meamring 
an acceflible height. For exarhple, 
from the given length of the fhadow 
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BD, I find out the height AB thus j 
Let there he ereded a ftaff CE per- 
pendicularly, producing the fhadow 
EF: the triangles ABD, CEF, are 
aequiangular, for the angles at B, and 
E, are right ^ and the angles ADB, 
and CFE, are equal, each being e- 
qual to the angle of the fun's eleva- 
tion above the horizon 5 therefore, 
by 4. 6. Eucl. as EF the fhadow of 
the ftaft, to EC the ftaff itfelf, fo BD 
the fhadow of the tower, to B A the 
height of the tower j tho' the plain- 
on which the fhadow of the tower 
falls be not parallel to the horizon, 
if the ftaff te ereded in the fame 
plain, the rule will be the fame. 



PROPO- 
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PROPOSITION Vlt 

To meafure an macceffible heigfjt by 
means of twoftaves^ 

Hitherto we have fuppofed the 
height to iae acccflible, or that 
we can come at the lower end of it; 
now ifjbccaufc of fome impediment, 
we cannot get to a tower, or if the 
point whofe height is to be found 
out, be the iummit of a hill, ^o that 
the perpendicular be liid within the 
hill J if, I fay, for want of better in- 
ftniments, fiich an inacceffible height 
is to be meaiiired by nieaqs of two 
ftaves, let the fir ft obfervation be 
made with the ftaves DE and FG 
as in Prop. I. then the obfervator 
is to go off in a dired line from the 
the height and firft ftation, till he 
come to the fecond ftation, where 
he is .to place the longer ftafF per- 
pendicularly at RN, and the fliorter 

ftaff 



ftaff at KO, fo that the fummit A 
may be ieen along their tops, that 
is, fo that the points KNA may be 
in the fame right line. Through the 
point N let there be drawn the right 
line NP parallel to FA : wherefore 
in the triangles KNPj KAF, the 
angles KNP, KAF are equal by the 
a 9th i.Eucl. alfothe angle AKF is 
common to both j confequently the 
remaining angle KPN is equal to 
the remaining angle KFA. And 
therefore by 4th 6. Eucl. PN : FA 
: : KP :.KF. But the triangles 
PNL, FAS, are fimilar. Therefore, 
hy 4th 6, Eucl. PN : FA : : NL : 
SA. Therefore by the nth yEucL 
KP : KF: : NL : SA. Thence 
alternately it will be as KP (the 
Excefs of the greater diftance of the 
(hort ftafF from the long one a- 
bove its lefler diftance from it) 
to NL, the excefs of the longer 
Staff above the (hotter, fo KF, the 
diftance of ^e two ftations of the 

fhor- 
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fliorter ftafF, to SA the excels of the 
height fought above the height of 
the {hotter ftafF. Wherefore SA will 
be found by the rule of three. To 
which let the height of the fhorter 
ftafF be added, and the fiim will give, 
the whole inacceffible Height BA, 
Q. E. F. 

Note I. In the fame manner may 
an inaccellible height be found by a 
geometrical fquare, or by a plain Ipe- 
culum. But we fhall leave the rules 
to be found out by the fhident for 
his own exercife. 

Note 1. That by the height of 
the ftafF we underftand its height a- 
bove the ground in which it is fix- 
ed. 

Note 3 . Hence depends the method 
of ufing other inftruments invented 
by geometricians j for example of the 
geometrical crofs ; and if all things 
bejuftlyweighed,a like rule will ferve 
for it as here : but we incline to touch 
only upon what is moft material. 

PKO- 
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pROPosiTioN vm. Fw. 9, 

To meafftre the difiance ABy to one of 
who/e extrerfttttes we hcive accefsy by 
the help of four fiaves, 

LET there- be a ftalF fixed at the 
Point A, then going back at 
fome fenfiblc diftance in the fame 
right Line, let another be fixed in C, 
(lo as that both the points A and B 
be covered and hid by the Staff C.) 
Likewise going off in a perpendicular 
from the right line CB at the point 
A, fthe method of doing which Ihall 
be flrown in the following Scholmm) 
let there be placed another Staff at 
H ,• and in die right line CKG (per- 
pendicular to the fame CB at the 
point C J and at the point of it K, 
iudj that the points K, H and B may 
be i^ the fame right line, let there 
be fixed a fourth ftaff. Let there 
be drawn,- or let there be fuppofed 
D to 
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to be drj^wnalight line HG parallel 
to CA. The triaagl^s KHG, HAB 
Vill bie eqtfiilngtflar • for the angles 
HAB, KGH are right angles. Alfo 
by zpth I. Eucl. the angles ABH, 
K.HG are equal, wherefore by the 
4th 6. Eucl, as KG (the excels of 
CK above AH) to GH or to CA, 
the diftance betwixt the firft and fe- 
cond ftaff, fo is AH the diftance be- 
twixt the firft and third ftaff to AB 
the diftance fought. 

S C H L lU M, Fig. 10. 

; To draw on a plain a right line 
/VE perpendicular to CH, from a 
given point A,, take the right lines 
AB AD, on each fide equd, and in 
the points B and D, let there be fixied 
ftakes, to which let there be-tied two 
equal ropes BE DE (or one having 
a mark in the niiddjej and holding 
in your hand their extremities join- 
ed, (or the mark in the middle, if it 
* ' is 
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is but one) draw out the ropes ' on 
the ground -y and then; where the 
two ropes meet, or at the mark, 
when by it the rope is fully ftretch- 
ed, let there be placed a third ftake 
at E, the right line AE will be per- 
pendicular to CH in the point -A, 
by ijth i: Eucl. In a manner not 
unlike to this may any problems that 
are refblved by the fqiiare and com- 
palTes, be done by ropes and a cord 
Jurned round as a radius. 

PROPOSITION 9. Fig. ii.^ 

To meafure the diftanc'e ^ By one of 
whofe extremities is accejjihle, 

F Rom 'the point A, let the right 
line AC of a knoWft length be 
^niade p^rpbhdlciilar' to AB (by thie 
preceedihg .Scholium j^likewife dra/w 
thfe rights Kfie CD tperpendicular to 
CB meeting the right line AB in D, 
ihen byYthe- 8th S.^EMir-^ DA -: 
♦•' C D z AC 
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^C : : AC :. AB ; wherefore when 
DA and AC are given, AB will be 
found by the rule of three, Q;E.F. 

SCHOLIUM. 

All the preceeding operations de- 
pend on the equality of fome angles 
4of triangles, and on the fimilarity 
of the triangles arifing from that e- 
.qu^ity, Ajiid on the fame princi- 
ples depend ittrnwiierable other ope- 
rations which a Geometrician will 
find out of hinifelf, as is ypry obvi- 
ous. * HoWevcf, fdiiie of thefe Ope- 
rations 'require iuch exadtneft in the 
Vork, and without it are fb liable to 
errors, that, c<etet'ts paribus, tlic fol- 
l6wing operations whi<:h are per- 
formed by n- trigonomeirigal calcu- 
ktion, awtobepjiefciirjsd., Yftcoujd 
.we .notoisjitthpfe above, 43emg «ioft 
•esSy ioprnd^ce, andjBQfl.de^r^i^d 
^evident to xhoCc whohav^j oaly .^his 
fifft dcflajfeats of, Gcoiu^tryf ^^'^ 
: : yo^ 
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you are provided with iaftruments, 
the followiag operatioos are more to 
be relied upon. We do not infift 
on the cafieft ca(es to thoie who are 
skilledin plain Trigonometry, which 
is indeed necEiTary to any one who 
would apply himfelf to pradice. It 
will be eafy to the reader to find ex>- 
amples, and we have fhown in plain 
Trigonometry how to find the angle 
or nde of any plain triangle that is 
regiiired, from the angCs 0t fides 
fhat may be given. 

PROPOSITION X. Fw: 12. 

Jo defcr'fhe the confirHBkn and i^ vf 
the geometrical quadrant i. » 

TH£gepmetrif:al<|im<irant iithe 
fourth part of a circle, drKsd- 
«d into mQety degreieSy towteh twb 
'fights juriBr adapted, with * perpcndi- 
rCiaiar. Of p^ana-line h^ging froin the 
^^m, Thf ^w»i^mk of k is for 

in- 
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inveftigating angles in a vertical 
plain, comprehended under righ^ 
lines going from the center of the 
inftrument, one of which is hori- 
zontal, and the other is directed to 
fbme vifible point. This inftrumenc 
is made of any fblid matter, as >vood, 
copper, ^<r. 

PROPOSITION XI. Fig. 13. 

nto defer Ae the make and, nfe of the 
graphometer, 

THE gfaphometefis a femicircle 
made of any hard matter, of 
wood, for example, or brais, divid- 
ed into 1 80 degrees ; fo fixed on a 

fukrunty by means of a brafs ball and 
focket, that it'eafily turns about and. 
retains any fituation j t*wo fights ^re 

vfix^d on its-diameter. .At the center 
there is -coiiinionly A magnetical 
needle in a box. There is likewise a 

.move^le tukty -whi^h turns- r(»^ 

' * the 
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^|]£ center^. a^d retains any Htuatioa 
siveri it. The ufe of it is to observe 
any angle, whoife vertex is at the 
center of the inftrument in any plain, 
(though it is moft commonly hori- 
zontal, or nearly fo) and to find how. 
many degrees it contains. 

PROPOSITION XII. 

Fig. 14. and 13". 

7*0 defcrihe the manner in whkh angles 
are meafuredby a quadrant or gra-^ 
phometer, 

LET there be an angle in a ver-' 
tical plain, comprehended be- 
tween a line parallel to the horizon 
HK, and the right line RA,coming 
from any remarkable point of a 
tower or hill, or from the lun, moon 
or a ftar. , Suppofe that this angle 
RAH is to be meafured by the qua- 
drant : let the inftrument be placed 

in 
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m the vertical plain, fa as ^ A 
center A may be in the angular point 
and let the fights be dKrededto 
wards the objed at R, (bythehel] 
of the ray coming from it, if it b 
the (im or moon, or by the hel| 
of the vifiial ray, if it is any thiflf 
elfe,) the degrees and minutes m 
the arch BC, cut oflFby the perpen- 
dicular, will mealiire the angle RAH 
required. For from the makeoftlic 
quadrant, BAD is a right, angle; 
tnerefore BAR is likewile right, be- 
ing equal to it. But becaule HKiJ 
horizontal, and AC perpendicnlaf, 
HAC will be a right angle; ami 
therefore equal alfo to BAR. From 
thofe angles fiibfttaft the part HAB 
that is common to both ,• andtlicff 
will remain the angle BAG equal W 
the angle RAH. But the arch Bfl 
is ' the meafure of the angle BAC^j 
confequently it is likewife the mc^ 
lure of the angle RAH. 
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" Note, That the remaining arch 
on the quadrant DC is the meafore 
of the angle RAZ, comprehended 
between the forefaid right line RA 
and AZ, which points to the Zenith. 
Let it now be required to meafiire 
the angle ACB (Fig. 1 5 .) in any plain, 
comprehended between the right 
lines AC and BC drawn from two 
points A and B,to the place of ftation 
C. Let the graphometcr be placed at 
C, fupported by its fulcrum (as was 
fhown above) and let the immove- 
abje fights on the fide of the inftru- 
ment DE be direded. towards the 
point A, and likewiie (while the ii>-: 
ftrument remains immoveable) let 
the fights of the ruler FG {which is., 
moveable about the center C)be di- 
red:ed to the point B. It is evident- 
that the moveable ruler cuts off an, 
arch DH, which is the meafiire of 
the angle ACB fought. Moreover^ 
by the lame method, the inclinati- 
pn of DE, or of FG may be obfer- 

E ved 
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ved with tte mericlian line, which is 
|)ointed out by the magnetick needle 
inclofed iri tne /box, ahd is move- 
able about the center of the inftni- 
ment, and the meafiire of this incli- 
nation or angle found in degrees. 

PROPOSITION XIII. Fig. i(J. 

To meafiire an accejpble height hy the 
geometrical quadrant, 

BY the nth Prop, of this part, 
let the angle C be^ found by 
means of the quadrant. Then in 
the triangle ABC, right angled at 
B (BC being fiippofed the horizontal 
diftance of the obfervator irom the 
tower) having the angle at C, and 
the fide BCj the required height BA 
will be found by the third cafe of 
plain Trigonometry. 



PROPO- 
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PROPOSITION XIV. Fig. ir. 

To meafitre an maccejpbh he't^t by, 
the geometrical quadrant, 

LET the angle ACB be obicrved 
with the quadrant (by the i ath 
prop, of this part) then let the ob- 
server go from C to the fecond fta- 
tion D, in the right line BCD f pro- 
viding BCD be a horizontal plain) 
and after mealuring this diftance CD, 
take the angle ADC likewife with 
the quadrant. Then in the triangle 
ACD, there is given the angle ADC, 
with the angle ACD, becaufe ACB 
was given before; therefore (by32<J 
I. Etic.l,) the remaining angle CAD 
is given likewife. But the SideCDt 
is likewife giv^n, being the diftance 
of the ftatioQS C and D j therefore 
(by the firft cafe of oblique angled 
triangles in Trigonometry) the fide 
AC will be found; Wherefore in 
E z the 
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the right angled triangle ABC, all 
the angles and the hypotenufe AC 
are given -, confequently, by the 4tli 
cafe of Trigonometry, the height 
Ibught AB will be found j as alfo 
^if yoji pleafe) the diftance of the 
nation C from AB the perpendicu- 
lar within the hill or inaccefl&bl? 
height. 

PROPOSITION XV. Fig. i8. 

From the top ofagtven height y to mea- 
■ fure the difiance B C^ 

LET the angle BAG be obferyed 
by the izth of this partj 
wherefore in the triangle ABC right- 
angled at B, there is given by obfer- 
vation the angle at A j whence (by the 
3 id I. iS^c/!) there will alfo be given 
the angle BCA ,• moreover the fide AB 
(being the height of the tower) is 
fuppofed to be given. Wherefore 

by 
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by the 3d cafe of Trigonometry BC 
the diftarice fought will be found,. 

PROPOSITION XVI.FiG. 19. ^^ 

To meafure the difiance of two places 
A and By of which one is accejjibk^ 
' by the graphometer. 

LET there be ereded at two points 
A and Cj fufficiently diftant,two 
vifible figns j then (by the i ith of 
this) let the two angles BAG, BCAbe 
taken by the graphometer. Let the 
diftance of the (rations A and C be 
meafured with a chain. Then the 
third angle B being known, and the 
fide AC oeing likewife known 5 there- 
fore by the fir ft cafe of Trigonometry 
the diftance required AB will b^ 
l^bufld^ 

PRO- 
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PROPOS^TIONXVII.Fi6.2o. 

To tneafufey by the graphometery the 
d'tfianc^ of two places^ neither of 
which is accej/lbie, 

LET two ftations C and D be 
chofen, from each of which the 
places may be feen, whofe. diftance 
isibujght,- let the angles ACD, ACB, 
BCD, and likewife tn? angles BDC, 
BDA, CD A, be meafured by the 
graphometer, the diftance of the fta- 
tions C and D be meafured by a 
chain, or (if it be neqelfajry) by the 
preceeding pra(Stice. -No^ ifi the 
triangle ACD, ther^ iare giren two 
Jungles: ACD and ADC i therefore 
the third CAI)^ is li}cewile given. 
Moreover the fide CD is givtsoi 
therefore, by the firft cafe of Trigo- 
nemejtry the fide AD will be found j 
after the fame manner in the triangle 
BCD from all the angles, and one 

fide 
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Udei CD given> the fide !^E) is foundi 
Wherefore in the triangle ADB,from 
the given fides DA and DB, and the 
angle ADB contained By them, the 
fide AB ( the diftance 'fbiight } is 
found by the' 4th cafe of Trigo- 
iiometry of oblique angled triangles* 
Let it be not^d, that.it is not ne- 
ceflfary that the points A^ B, O^ and 
D be in one plain, and that any tri- 
angle i§ in one plain, by id prop. 
1 1 th o£Eucl, 

PROPOSITION XVm.FiG.2i; 

It is required by the graphometer and 
quadrant to meafure an inaccejflhk 
height AB, placed fo on afteepy that 
one can neither go near it in an ho-" 
rizontal plainy nor recede from it, 
as v)e fuppofed in the fokt'tonofthe 
T/^th prop. '' 

ET there be chofen any fituation 
as C, and anotheir D^ where let 

fome 
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fome mark becreded j let the angles 
ACD and ADC be found by the 
graphometer, then the third angle 
DAC will be known. Let the fide 
CI>, the diftance of the ftations, be 
ineafhred with a chain, and thence 
(by Trigon.) the fide AC will be 
found. Again in the triangle ACB, 
^ight angled at JB, having found by 
the quadrant the angle ACB, the o- 
ther angle CAB is knox^n likewifej 
but the fide AC in the triangle ADC 
is already known j therefore tte 
height requii;ed AB will be found by 
£he 4th cale of right "-flrigled trian- 
'gles. If the height of the tower is 
wanted, the angle BCF will be Found 
by the quadrant, which being taken 
from the angle ACB already known, 
the angle ACF will remain ^ but the 
angle FAC was known before j there- 
fore the remaining angle AFC will 
be known j but the fide AC was alfo 
known* before,- therefore, in the 
triangle AI'C, all the angles, and 
L * one 
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of the fides AC being known, 
the height of the tower above 
bill will be found by Trigono- 

■7- ■ • 

SCHOLIUM. 

t were eafy to add many other 

hods of meaiiiring heights,and di-^ 

cts i but if what is above be un- 

ilood, it will be eafy Cefpecially 

one that isvers'din the elements) 

contrive methods for this purpofe, 

ording to the occafion : fb that 

re is no need of adding any more 

this fort. We fhall fubjoin here a 

phod by which the diameter of 

: earth may be found out. 
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PROPOSITION XIX. Fig. 

To find the diameter of the earth, 
one obfervat'ton, 

LET there be chofen a high fi 
AB, near the fea-ihore, i 
let the obfervaror on the top of 
with an exa6b quadrant divided il 
minutes and feconds by tran/vo 
divifions, and fitted with a telefc() 
in place of the common fights, md 
(lire the angle ABE contained id 
the right line AB,which goes to ^ 
center,and the right line BE drawn 
the fea,a tangent to the globe at £) 
there be drawn from A perpendi< 
to BD, theline AF meeting BE in 
Now in the right angled triangle B 
all the angles are given, alfo theW 
AB,the height of the hill, which tf« 
he found by fome of the foregoi"! 
methods,as exadly as poffible j anW 
Trigonometry, the fides BF and^^ 
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aire found. Bat hy corol. 3^. 3d 
EucL AF is equal to FE j tliereforc 
BE will be known. Moreover, by 
3(^th %\EucL the rectangle uiidar 
BA and BD is equal to the iqiiare 6f 
BE. And thence by 17th '6. EttcL 
as AB : BE ; ; BE ; BD. Thercforei 
fince AB and BE ace already given, 
BD will be found by nth 6. Eatck 
or by the rule of three, and fubftra* 
^ing BA, there will remain AD the 
diameter of the earth fought. 

S C H L IV M. 

Many other methods might be 
propofedfpr meafiiring the diametet 
of the earth. The moft exad in 
my opinion is that proposed by Mr. 
Pkart, of the academy of fciences 
at Paris; but fince it does not be- 
long to this place, we refer you to 
the philofophical tranfi^^ons, where 
you will find it defcribed. 
^ *' According to Mr. Picarf, a de^ - 
. ' F 2 « gree 
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^'gree of the meridian at tlie'lati<t 
** tu<leof49** ri' was ^7060 French 
•* TotfeSf each, of .which contains fix 
" feet of the fame meafiire; from 
^* which it foHows, that if the earth 
be an eica^ ^here, the circumfe- 
rence of a great circle of it will 
-be 113,449,600 Paria fefet, and 
*' the femidiameter of the earth 
** i9,(Ji5,:8qo feet: but the /r^«ci& 
*^ Mathematicians who have exami- 
'* ned Mr. PJcarfs operations of 
'* late alfure us. That the degree 
" in that latitude is 57,183 Toi/es, 
*^ They meafiired a degree in Lap- 
^ kndy an the latitude of 66"* lo' 
*' and found it of 57,438 Toifesk 
*' By comparing thefe degrees, as 
^* well as by the bbfervations on 
pendulums^ and • the • theory of 
gravity ,• it appears that the 
earth is an oblate fpheroid:; and 
(fuppoflng thofe degrees to be 
accurately meafiired^ the. axis or 
^^ diatneter that pafles through the 
r ' ' " poles 
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?* poles will be to the diameter of the 
** equator as 177 to 178, or, the 
*' the earth M^ill be ii miles high- 
*' er at the«quator than at the. poles. 
'' A degree has likewife been mea^ 
^* fored atthe equator, and foaadto 
" be confiderably lefs than at the 
^' latitnderof Ptfrwf which confirm^ 
**. the oblate figure of the earth 5 
^f but an account of this, laft men* 
:£iration has not been pnbiiibedas 
yet. If the earth was of an u^- 
niform denfity from the furface 
to the center J then, according to 
the theory of gravity, the meridi^ 
an- would be an cxa^ ellypfis, 
" and the axis would be to the di- 
*' ameter of the equator as 130 «> 
** 231 } and the difeeace of the 
" femiidiameter of the equator and 
*' femi-axis about 17 miles. 

In what follows, a figure is ofi:eft 
to be laid down on paper, like to 
another figure given $ and becau^ 
this Hkeosis confifb in the equality 

of 
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of their angles, aad in the fides i 
Ting the fame proportion to each* 
ther (by the Jetinitions oF the k 
of Edtcl.) we are now to fho-w vb 
methods practical Geometricians^ 
for making on paper an angle eqo 
to a given angle, and how they coi 
ftitute the fides in the fame propM 
tion. For this purpofe they mail 
ufe of a proti:a<^r, (or, when it i 
wanting, a; line of chords) and of: 
line of equal parts. 

FROPOSITION XX. 

Fig. ^iy 14, 15, i6y and 27. 

To defcr'ihe the confiraB'ton and ufe ij 
' • the frotroBor, iff the line of chords 
ana of the line of. equal parts- 

THE protraftor is a fmall fcmi- 
circle of brafs, or fuch M\i 
matter. The femi-circumfcrcoce 
is divided into 180 degrees. Tiie 
. ^ ufe 
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b(c of it is to draw angles on any- 
plain, as on paper, or to examine 
the extent of angles already laid 
down. For this laft purpofe, let the 
fmall point in the center of the pro* 
trador be placed above the angulac 
point, and let the fide AB coincide 
with one of the (ides that contain the 
angle proposed ; the number of de* 
grees cut off by the other fide, com- 
puting on the protra<^or from B, will 
(how the quantity of the angle that 
is to be meafiired. 

But if an angle is to be made of 
a given quantity on a given line, and 
at a given point of that line, let AB 
coincide with the given line, and 
let the center A of the inftrumen^ 
be applied to that point. Then 
let there be a mark made at the 
given munber of degrees; and ^ 
right line drawn from that mark 
to the given point will conftitute an 
angle, with the given right line of 

thie 



4^ A Treati/e of 

the quantity required; as is mani** ]£] 
M. cl 

This is the moft natural and eafy 
method, either for examining the ex- 
tent of an angle on paper, or for id 
deicribing oh paper an angle of a tl 
given quantity. a 

But when there is icarcity of in- ^ 
ftramcnts, or becaufe a line of chords h 
is more eafily carried about, (being 
defcribed on a ruler on which there 
are many other lines befides) pradi- 
cal Geometricians frequently make' 
ufeof it. It is made thus: let the 
quadrant of a circle be divided into 
^o degrees, as in fig. 24. the right - \ 
line AB is the chord of po degrees j 
the chord 6f every arch oi the qua- 
drant is transferred to this line AB> 
which is always marked with the 
5&umber of degrees in the correfpondf- 
ingarch. 

. Note, That the chord of (Jo de- 
grees is equal to the radius^ by coroL 
I y. 4th EmL If now a given angle 
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EDF is to be mealliredfey.thHiafe^ of 
chords^ .from the centaf O, wiihitlie 
diftanceDG (the chdrdrof do dc* 
gseesj). defcribe theardiGH,diidl£t 
the points G and . H be marked where 
this arch interfeds^ the fides of ; the 
angle. Then if their. diftance-GK^ 
applied; on the line of chords :fs>m 
A to B^ gives ffor example) if de* 
crees, >thisihall be the meafiure 'of 
the angle propofed 

When an olmife angle is to be mca+ 
iured with this line, let its comple* 
ment to -^ femicirde be meafiiredj 
and thence it will be known; It 
were eafy to transfer tothe diacoi^ter 
of :a circle the chords of all arclfes 
to the extent of a fcmidrcle, but llicfe 
are rarely found marked upomrulesi 

Btit now if att angle of: a given 
qtamtity, fupjiofe-cff? 50! degreesf, is 
to be made at a given point M of 
the! tight ti^ KL' /(fig. :i&) 'FJtbm 
the (mt& M, ianxl 'tne; 'diftaniabMfii 
€^uatt6ld^e cfafetrdrbf ^ idbgree^> dc»- 
G fcribe 
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feribe'the arch. QN. Take ofF ail 
vchil^jwhore.' chord is equal to 
diat V- of 50 \ ■ degices on the line of 
thdrth.; jomrme points M and R, 
snd; it 'is plain tUat : MR. (hall contain 
adi angle of jo" . degrees with the line 
JK?I> propofed. . f 

f 'fiht< foinetimes we cannot produce 
the §deSj ^ill they Be of the length 
of arbhord of 60 degrees on our 
fcale; in which cafe it is fk to work 
byra xirde of proportions (that i$ a 
a^icdior) by: ti'hicn an arch may be 
ihadc ofagiveh number of degrees 
tb any radius. . 

i/.:Tne quantities of angles are like- 
wile determined by other lines ufu-? 
atlymarl^ed upon rules, as the lines 
of 'fines, tangents and fecants ,♦ but 
as thefe methods are not fb eaiy- or 
(6 ,prop6r in. this place, we omit 
the^. ■ : . 

i.r To delineaitc figures fitoilar or like 
ito 6thers given, befides the equality 
•of'the mi^es^ the iame proportioa 
2d"-.':»i " '■ ' is 



is to be preferved among the fides 
pf the figure that is tq bjei delinf^ted^ 
as is among the fides of the figure 
given. For which |>urpo£c, oa^jche 
rules ufed by artifts, theire is a line 
divided intb equal parts, mpreo^lefs 
in number, and greater or leilerXin 
quantity, according^ to the.ple^re 
of the maker^ . . \ . • \ 

A Foot is divided into inchjes, and 
an inch, by means of tranfverfe lines, 
into iod equal parts J fo that -^iti 
this icale, any nttmber of inches' be- 
low ttirelve, with any partofap.iAch^ 
can be talcen by the compaCa^ 
providing fiich part be i greater -thaQ 
one loothpart of aain(;h. ]And:thl$ 
«xadnefs ifr very fneccflfary in delir 
seating the plans cifhonfes, amdin 
pthey cafes. 
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P-RO POSIT ION XXI. Jig. 28. 

foJaydtiwnpn.papery by.the protrO' 

BoTy orlifte. of.chardsy wd J*ne of 

equal f turfs y a right Hmed figure 

r : like $0 one gjnieny prmdmg.tke av^ 

'■ ^^J^ and fides cfthe figure^ ffSfen he 

known hy obfervation .^r met^utf^j 

■ urn* ■ • •■ 

*OR example, iuppole ^t it ig 

knawji' that in a qu^l'angiilar 

ilgure, one (Idf is .oi£.A3j,ie^> that 
^he ^ngie coatatned hy it and rthe 
4ecdnd :hde!is6f 84^,.th£ fc^oudlide 
^'iA^ feet, .the angle, cpntaifved by 
it an«L t^e .third ^de of 71.^, jmii 
%hiu!idiQthird iide is ^94ieet. Tihde 
things being given, a ngute.i^ XS>hsi 
drawn on paper Uke to this quadran- 
gular figure. On your paper at a 
-proper point A let a right line be 
drawn, upon which take 235 equal 
parts^ as AB. The part reprcient- 
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log a fo<>t>^kL«n gwater^ .Ufei 
accofdingiis ypu wpul^ Aave tyeut 
figft?e g?«^l^r or lefs. Jq i-iteAcij.Qip'f 
ing figure, the looth part of aa 
inch is taken for ^ ^ot. And ac- 
cordingly an inch divided into too 
parts, and ^ai^Q£^ed tortfabe^^i^gi^re is 
^aiipd a foaie of ipo ffet. ,Lfet ih^ji^ 
betiiiade at the point ^3^ (by7i;he;pr.q4 
<;eefeg Pfop-) an ^i\g^e .<^BC ^ 
a^fj, and letBC be rt^n.of jiSj^ 
l^rts Uk.e Ltp^the fo>rm^... ..TfeetH h$- 
J5he angle .^CP be ffi^a(kTQ.f 7pi°s».AIi4 
the fide CD-^ ji$)i4 equal :p^ir|:^,. Thm 
let the fide AD be drawn j and it 
will Gon^ple^t Ae ^gure Uke >o ^ 
figure given. The meafiires of the 
^^les A ;^^d P can be jqsio^wwlby tj^e 
protrador or line of (ph9i;d^j ^fa4the 
iide AD by the line of equal parts j 
j9J)(ich wiU ^xa^ly anfwerto xm-^tot^' 
^ej|)G^nding; angle? .aijd f^o ^W fid^ of 
ii^^riimary %|re. j 

A.fi;?f the rVifty f^n^dsiawi^r, ^.«ap 
the fi^^s i^ jyagies . gJTf^. whirfi 

bound 
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boun^ any dglit line<i flgurie, a figure 
like to' it may be drawfi, and the reft 
of its fides ind anglies be Itni^wiii . 

i "-• ' . ■ . .. , ■ . ;: ■ ■- 

CO^OLLART. 

K. • . . . ; 

Hence any trigonometrical pro*> 
i>lem in right lined triangles, may 
be refolved by delineating the tri- 
angle from what is given (concerning 
It, as in this propontion. The lin-* 
Icnown fides- are examined by a line 
of equal" parts, and the angles by 4 
Jrotradof or line of ^hordSf * ■ . 

PROPOSiTldl^ XXII. Prob, 

The'dtamder^f a circk being gtvettit^ 
find ks c'trcimtfirenrx Hedrjy, - • 



T 



HE peripheiry of any polygoii 
infi;f'ibed in the circle Is lefs 
than the circumference, and thcpe. 
^riphery of any polygon defcribed a-, 
vbout a circlcis greater than the cir- 
^■"' cuw 
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cumferenee. : . Whence- A'chime^fs 
firft difcovered that the. diameter .was 
in proportion to the circumference, 
as 7 to 12 nearly j. which ferv6sfpff 
common ufe. But the moderns have 
icomputed the proportion of the di- 
ameter to the circumference to grea- 
ter exadfcne^. Suppofing the dia- 
meter ■■ laoj the peripihery will he 
more than '314, but iefs than 315*. 
But iMBolphus van Ceukn exceeded 
the labours of ail j for; by immenfe 
fhrdy he found, that fuppofing the 
diameter . : ... ; 

ioo>ooO)boopoo,ooo,ooopoo,ooo,ooo,ooo,ooor 

the periphery will be Iefs than.' 

but greater than 
3 1 4,1 59,a65,358,97^,323,84<5,i64,338»3»7»950 \ 
whence it will be eafy, any part of 
the circumference being given in de- 
grees 

♦ Tht d'tamtttr is mm nitrly w tht tirwmftrtnti, 4t 
Hi to 355« 
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gfeei^«aiidiniaates, to affignitin parts 
of the diametef . 

Ofjkfw^'mg^ MHd meafiiring oflanik 

'Ith«rto we hare treated of the 

meafiiring of angles and fildes, 

\t(heDc<e'it is abundantly- eafy to lay 
down a field; a plain, or an entire 
cbiintry': for ta this nothing: is re*- 
cpufite- but > the protra^i^Mi of trii- 
aiigtes, and' of other plainer fignres^ 
s^ter 'having meafiired. their fides and 
angles: bat as this is efteemed an 
important tpapt^ of pra^icaL- Geome- 
try, wcihall fiibjoin here an account 
of it, with all poflible brevity, fiig- 
gbftJng*^ withall; that^ a-fur veyor 'wlH 
improve himitlf ^ore by one day's 
pta^ce^thaQi>y,a-grf at'deal of read- 
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prdBictd (^eomefryl jj^ 

rROPosi-rioNx^m. Prob; 

7^ expUm what furu^mg is, and 
. .what itjfirumentsfurveyprs ttfe% . ' 

F/f^, it is neccflacy that, the fur- 
veycJr view the neM that is tq 
be mcamred, aitd invcftigate its^de!^ 
and' angfes, by mcatis' of aa iroil 
chain (Iming a partiqilar m^fc- a| 
each foot of length, or atahy.num^ 
ber of it<it as may bd'maft conve- 
nient for reducing -Kney or furi^ces 
to th« received meaftnrdi*) ancf the? 
gra^hometier' dcftribed above, fiir 
'eoftaly^ • Y£ is neccflaty it0' dehneat^ 
tht ^dd' in phfufy Or to form a'mag 
©fit- that* js,.to lay: down pn pape^ 
a figure fipiilar to the fieW', which ii 
donfrbythe protradror, (or line of 
fehoi-ds) and' of the line of equal 

* See above f. 5. the dceeunt ef GunterU thain, and ef 
$k^ chaM thaf is mofi convenient for meafuring land it^ 



parts. 7%/rJly, It is neceifary to find 
que the area o£th^ field fpiurveyed 
Snd reprefented by a map. Of this 
4aft we are to treat belo^ in the £e<* 
cond part. 

The fides and angles of fball fields 
are fiirveyed by the help of a plain 
^ble, which is gene741y pf an ob- 
ionsre(^ngtilartoire,and fupport- 
cd by a fulcrum, fo as to turn every 
way by meanspf aballandfpeket. }% 
has a moveable frame, ^hich fui^ 
rounds the board, and ferve^ to keep 
a clean paper put on the board clote 
apd tight to it. The fides of th^ 
frame facing ;the paper, are divided 
into. . equal parts every way. 1 h^ 
iio^rd hath , befides, a box with s^ 
magnetick. needle, and moreover 4 
large index with two fights. On tke 
-edge of the firame. of the board are 
marked degrees and n^nutes, ib as to 
fupply the room of a graphometer. 



PRO- 



praiHcal Geometry* j^ 

^RO^O SlTldlN XXIV.: 

P R b B. Fig. zp, ' ■ ', 

To delineate a field By the help of a 
fla'tn table y from one Jiation whence 
' all its angles may be feen^ and their 
dijlancet meafured by a chain. 

LET the 'field that is to be laid' 
down be ABCDE. At any 
convenient place P,'let the plain' 
table be ereded, cover it with clean 
paper, in which letfome point near 
the middle reprefent the ftation. 
Then applying at this place the in- 
dex with the fights, dired it fo as 
that through the fights fomc mark 
may be feen at one of the angles, 
fuppofe A, and firom the point F, 
reprefenting the ftation, draw a faint 
tight line along the fide' of the inde:>^, 
then, by the help of the chain, lee 
FA the diftance of the ftation froih 
Hi. the 



4q ,'A ^entffe of ' 

the forefaid angle be meafiired. Then 
taking what ..part you thmk cpnve- 
riient for a foot or pace from the 
line of equal parts, let off on the 
faint line the parts correlponding to 
the line FA that was meafiired, aad 
let there be a mark made reprefenting 
the ancle of the field, A. Keeping 
the tahb immoveable, the lame is 
to be done with the reft of the an- 
gles,-, then right lines joining thofe 
marks ihall include a hgure Tike to 
the field, as is evident from jth <J» 
EmqK 

COR L LART, 

, The iame thing is .done in like 
manner by xhe graplipmeter ^ for 
having obferved in each of the tri- 
angles, AFB, BFC, CFD> &'c, the 
angle .at the ftation F, and having 
xneafured the linos from xhe ibtion to 
$he angles of tj^e field, let fimilar 
tri^gles be iprotr^ed -pn paper (by 

! ; thQ 
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the 21. of this) having their com- 
moa vertex 'int the pomt of ibatt- 
on. All the Hnes, excepting thofe 
which reprefent the iides of the 
field, are to be drawn faint or ob- 
scure. -. 

Note I. When a lurTcyor wants 
to lay down a field, let him place 
diftindly in a regifter all the. obser- 
vations of the angles, and the mea- 
fiires of the fides, until , at time an|t 
place convenient, he draw out the 
figure on paper. 

Note 1. The obfervatiojis made 
by the help of the graphometer are 
to be examined ; for all the angles a- 
bout the point F ought to be equal 
tpfour right ones. by 13th i. Eoick 
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PROP OS I T r 6 N XXV. 
Prob; Fig-. 30.. 

to lay down a field by means oftHoo 
fiationSy ffoth tach ofwhkhalhhe 
angks can be feen, by meafurm^ 
only the dt fiance of the fiat tons. 

LET the inftrument be placed at 
I the ftatiori F j and having cho- 
fen a point reprefenting it upon the 
|>aper which is laid upon the plain 
table, let the index be applied at this 
point, fo as to be moveable about it. 
Then let it be dire<5ted fiicceflively 
to the feveral angles of the field ; 
and when any angle is feen through 
the fights, draw an obfi:ure line along 
the fide of the index. Let the in- 
dex, with the fights, be directed af- 
ter the fame manner to the firation 
6 J 6n the obfcure line drawn along 
its fide, pointing to A, fet off from 

the 



the (cale of equal parts a line correA 
ponding -to the mea(ured diftance of 
the ftatibns, arid this will determine 
thepoinj&Gi Then reijiovje-thc inftru- 
nuept to dieftatipn G, and applying 
iji^ 4nd^x:;,^o. the line repre&nting 
the <liftance of the ftations, place 
dbe inftrument fo that the firft fta-;- 
tion may b^ feen through/the fights^ 
Then the iniftrument remaining im- 
in(^e^ble, iet.the index be applied 
sk, (he poif^ repf efenting the lecon4 
ihttion G, and be fhcceiliyely dire-r 
|£ted by ipeai^^pf.its %hts^ to 2|ll 
.theanglc% of tjie field,, drawing (as 
J)^foreJ obfcuireiines j and the inter^ 
Te^^on of tte, two obffure lines that 
.wi^e 4fawp[,to.the fanae angle frpnfi 
thf two ftarions will always reprcr 
jfent that ancle on the plan. Care 
mud be taken that thofe lines be not 
XK^U^ken^ fpr ,one aaoi;her. ^ Jjin^ 
joining thpfe ;nterfe6tion$ will forn^ 
A figure oP; th^ paper Uke to the 
field, •■'.,.■'.,.■ 
::\ ^ SCHO^ 
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It will not be » difieult to do die 
0tme by the gripHometef, if you 
,keep- t diftlnft account of your ob*- 
fefyations of the angles made by tbc 
tme joining the ftations and the linles 
drawn froxn* the ftationstotherefwe* 
,^iye angles of the fiefd. • And this 
lythc moft common manner of liy* 
ing down whole countries. The 
yops of two .mountaiiM are tiken for 
two ftationsi and tbek Aftanceis 
ieither nieaftired by fom« of theme* 
thods mentioned abbtey or i& t^eJEi 
According to cominonifepute. The 
Irghts are- j(tttceflively direftfed to^. 
Wards^ cities, churches, villages-, forte, 
lafces^ turnings of rivers, woo^j 
m.- ■••-'. ■ '■ ■ ■- •-••■ 
' Note. The diftance of tfee ftad- 
bnsottgh^to be great enough, with 
tcfpeftto liiefidd th^rtris-'to b^cto- 
juredj^fuch ought to bechofenas are 

not 
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not iti a line with any angle of thfc 
field. And care ought to be taken 
likewife that theangies, for example 
FAG, FDG, Sff . be neither very a- 
dite, nor very obtufe. Such angles 
are to be avoided as much as poffible ; 
and this admonition is found very 
ufeful in prance. 

PROPOSITION XXVL 

pROB. Fig. 31. 

To lay down any fieUy however frre^ 
gular ttsfigme may he^ by the help 
of the graphomeier* 

L^TABCEDHCbefuchafield; 
^ Let its angles (in going round 
it) be obferved with a graphotoe- 
ter (by thh i ith of this) and not- 
ed down j let its fidfes be. mealured 
with a chain, and, (by what waS fMd 
on the lift of this) Itt a figure like 
to the given fifeld be protracted oA 
I paper. 



.paper. l( ^Qy.moont^niis.m.th^ 
^circumference-, tl^e hiqrizontal line 
W un^erlit h. to. be. taken for t 
fidcv Vhich'may be found by two 
or three obfervations, according t9 
Tome of the methods defcribed above ^ 
'aijd. its place on the map is to be 
diftingmfhed by a fhad^, that it may 
be known a mountain is there. 

If not only the circumference of 
the field is to be laid down 'in' the 
plan, but ,alfo its contents^ as villa- 
ges, gardens, churches,pubrick roads, 
ye^ rmuft proceed in diis manner. 

Let there be (for example^ a 
church F, to be laid down on the 
plan. Let the angles ABF, BAF be 
obferyed and prc^tra<Sked on paper in 
their, proper places, the.inierfedion 
ojf the two fides BF and AF will give 
the place of the church .on the pa^ 
per;, or'njoffe^ exa6lly,-the lines BF, 
AF being mealured, let circles be 
defcribed from the centers B and A, 
with parts from, the fcale corxeipond- 
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ing to the diftances BF and AF, and 
the place oFthe churcli -will be-' at. 
their interledion. 

Note I. 'While the angles obfer- 
ved by . the . graphometer arp taken 
down, you mnft be carefiil to diftin- 
guifh the external angles as E and 
G, that they may bp rightly pro- 
traded afterwards on paper. 

Note a. Our obfervations of th6 
ingles may be examined by com put-.' 
ing if all the internal angled make 
twice as many right angles, four ex-' 
cepted, as there are fides of the fi- 
gure : for this is demonftrated by 
3 ad. I. Eucl, But in place of any^ 
external angle DECy its compliment 
po a circle is to be taken. 
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PROPOSITION XXVII. 
Pros. Fig. 31. 

fa lay down a pla'ftt field withota in" 
ftruments, 

IF a fmall field is to be meafured, 
and a map of it to be made, and 
you are not provided with inftru- 
ments j let it be fuppofed to be di- 
vided into triangles, by right lines, 
as in the figure, and after meafuring 
the three fides of any of the triangles, 
for example of ABC, let its fides be, 
laid down from a cqnvenient fcale on 
paper, by the iid of this. AgaiUj 
let the other two fides BD, CD of 
the triangle CBD be meafured and 
protraded on the paper by the fame 
icale as before. In the lame man- 
ner proceed with the reft of the tri- 
angle? of which the field is compo- 
fed, and the map oiF the field will be 

per- 



r 



r^ 
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erfe4te4 j for the three fides of a 
ifangle determine the triangle ; 
pence each triangle on the paper 
i fimilar to its correfpondent tri- 
pgle in the field, and is fimilar ly 
tuated J confequently the whole fi- 
re is like to the whole field. 

SCHOLIUM, 

\ If the field be fmall, and all its 
jigles may be ieen from one ftation,, 
may be very ^ell laid down by the 
ain table by the 24th of this. If 
r field be larger, and have the re- 
ifite conditions,and great exadbnefs 
not expe<5t^d, it likewife may be 
potted by means of the plain table, 
i by the graphometer, according 
} the 15th of this; bat in fields 
^t are irregular and mountainousy 
jjhen an exad map is required we 
|rC to make i^fe of the graphometey. 

tin the z6th. of this, bijit r^ely of 
J plain table, 
• Having 
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Having protrafted the bounding" 
lines, the particular parts contained 
within theih may be laid down l>y 
the proper operations for this pur- 
pofe, delivered in the z(5th propofi- 
tion J and the method defcribed in 
the 17th propofition may be fome- 
times of fervice j for we may truft 
more to the tn'cafiiring of fides than 
to the obferving of angles. We are 
liot to compute four-fided and ma- 
ny-fided figures till they arerefblved 
into triangles, for the fides do not 
determine thofe figures. 

■ In the laying down of x:ities, or 
the like, we may make ufe of any of 
the methods defcribed above that 
may be moft convenient. 

■ The map-being finiflied,it is tiranf- 
ferred on clean paper by putting the 
firft sketch above it, and 'manning 
the angles by the point of a finalF 
peedle. Thefc points being joiricd' 
by right lines,- and the whole illu-' 
minated by colours pi'oper-to each' 
V- " part. 



A 4?*f<7'?°4'fe^iig°rc of tbe Miner's 

^ .c^papaf? h^ing ad/ied. to diftingraA 

pf the North laijd South:, with a fcale 

^ .oa the 'tn^tgi^ythc smp.pt plaa 

J y ill J>e im^ifhed jand neat, . > 

J , We hayc ttus briefly and plainly 

treated of Siitveyingj and (hown by 

wtat inftruments it is; performed, 

1 l?Lf;ying avoided thofe methods which 

,^ depend on the magnetick needle, not 

only becauie its diredion may vary 

I in di^erent places of a field (the conr 

trary of, this at leaft doth not appear^ 

l^ut, becauie the quantity of an angle 

obierved ;by. it cannot be exadly 

' ^nown i for aa error o£ two or thre^ 

, .clegrees can fcarcdy be . avoided ia 

' taking angles by it. As for the rer 

jtoaining part of purveying, whereby 

' tHe area of a, Held already laid dowa 

on paper is found in acres^ roods, or 

' ^ny other fuperficiaL meaifures; thif 

I !t^e leave to the following part, which 

treats of ^ the meniuration of iurr 

Faces. . > 

• ' Be- 
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' Befides the inftruments ddlb-i^ 
' bed above, a Surveyor onght to be 
' provided" with an off-fet ftaff, e- 

* qual in length ta ten links of the 
' ch^in, and divided into ten equal 

< parts. He ought likewrle to have 

< ten arrows, or fmallftreight flicks 

* neir two feet long, ihod with iron 

* ferrils; When the chain is fiifl: 

* opened^ it pusht to be examined 

< by theofF-fet ftaff.' In meafiiring 
« any line, the leader of the chain 

* is to have the ten arrows at firft 
"*, letting out. \^hett the chain i$ 

* ftretcht'in the line, and the neat 
* . end touches the place ftonrf which 
* ' you meafure, the leader ' fticki ■ one 
'^ of the ten: arrows in the ground, 
'<' at the far cndof the ichaiii. Then 

* the leader leaving theartow, pro^ 

* ceeds with' the chain anothet 

* length ,♦ and the ich^n beiilg 

* ftretcht in the line, ib thaf the 
*' neir end 'touches the firft arro\«^; 
^ the leader fticksdown anotharir- 

row 
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row at his end of the chain. Thi 
line is prererved ftreight, if the ar- 
rows be always fet fo as to-beiif 
a right line with the place yoii 
meaiUre f^om and thit to which 
you are going. In this manner 
they proceed till the leader have 
no more arrows. At the eleventh 
chain the arrows are to be cariied 
to him again, and he is to ftick 
one of them into the ground, at the 
end of the chain. Atid the fame 
is to be done at the ai, 31, 4i> 
^c, chains, if there are fb many 
in the right line to be meaiured* 
In this manner you can hardly 
commit an error in numbring the 
chains, unlefs of ten chains at 
once. 

* The off-fet ftaflF ferves for mea- 
fiifing readily the dif^aoces ofa- 
ny things proper to be repf efented 
iq your plau;, froiri the-ftation-line 
while you go along^ Thefe di- 
ftaiices ougl^ to be e&tred into 
K * your 
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your field-book, with the con e- 
fponding diftances from the laft fta- 
tion, and proper remarks, that you 
may be enabled to plot them juft- 
ly, and be in no danger of miftak- 
ing one for another, when you 
extend your plan. The field-book 
may be conveniently divided into 
five pages. In the middle column 
the angles at the feveral ftations 
taken by the TheodoUte are to be 
entred, with the diftances from 
the flations. The diftances taken 
by the ofF-fet ftaff, on either fide 
of the ftation-line, are to be entred 
into columns on either fide of the 
middle-column, according to their 
pofition with refpedt to that line. 
The names or characters, of the 
objeds, with proper remarks may 
be entred in columns pn either 
fide of thefe laft. 
* Becauie in the place of thegra- 
phometer defcribed by our Author,^ 
lurveyors ik)W jxuike ule of the 
■ * Thco- 
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' Theodolite, we fhall fubjoin a 

* defcription of Mr. S'tjpm's lateft 

* improved Theodolite from Mr. 

* Gardner's praSiical Surveying mt" 

* proved. See a figure of it in plate 4. 

* In this inftrument the three 

* ftaves by brafs ferrils at top fcrew 
^ into bell-metal joints, that are 

* moveable between brafs pillars fixt 

* in a ftrong brals plate, in which 

* round the center is fixt a focket 
'. with a ball moveable in it, and upOii 

* which the four fcrews prefs,that fet 

* the Limb horizontal j next above 

* is another fuch plate, thro' which 

* the iaid fcrews pafs, and on which 

* round the center is fixt a fruftuni 

* of a cone of bell-metal, whole axis 

* (being conneded with the center 

* of the ball) is always perpendicular 

* to the Limb, by means of a coni- 

* cal brafs ferril fitted to it, whereon 

* is fixt the Compafs-box, and on 
' it the Limb, which is a ftrong bell- 

* metal ring, whereon are moveable 
:". ^ K 2- three 
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* three brafs indexes, in whoft 

* plate are fixt four brafs pillar^, 

* that, joining at top, hold the cen-^ 

* ter-pin of the bell-metal double 

* Sextant, whole double Index is fixt 
^ on the center of the fame plate j 

^ within the double Sextant is fixt 
^ the Spirit-Level, and over it the 

* Telelcope. 

. * The Gompa(s-box is graved 
' with two diamonds for North and 

* South yzn6. with 20 degrees on both 
f fides of each, that the needle may 

* 'be fet to the variatioh, and its er^ 

* ror alfo known. 

* The Limb has two flower-de- 

* luces againft the diamonds in the 

* Box, inftead of 180 each, and is 

* curioufly divided into whole de^ 

* grees, and numbered to the left: 

* hand ;at every ten to twice 180, 

* having three Indexes diftant no, 

* (with , Nonius's divifirons on each 
^ for the decimals of a degree) that 
5 are moved by a pinion fixt b'dlo# 



* one 
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one of them without moving the 
Limb, and in another is aTcrev 
and fpiing under, to fix. it to any 
part of the Limb : it has alfo di- 
' vifions number'd for taking the 
quarter Girt in inches ^ of round 
Timber at the middle height, when 
ftanding ten feet; horizontally d*- 
ftant from ijes center, whjph at 20 
muft be doubled, and at 30 trebled, 
to which a Shorter indejq is ufed, 
having Nomus^s divifion% for .the 
decimals of an inch ; but an abate- 
ment muft .be made for ^ bark> 
if not taken ofiF. 

* The double Sextant is , divided 
on one fide from under its center 
(when the Spirit-Tube and Tele- 
fcope are level) to above 60 de- 
grees each way, and nunabred at i o, 
^o, ^.c, and the double Index 
(through which it is moveable) 
filers oh the &me fide the degree 
and decimal of any Altitude or Dc- 
pre0ioa tQ ithat extent by ^{^niu^s 

* di- 
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' <3ivi{ionsj on the other fide' ard 

* divifions number'd for taking the 

* upright height oi Timber ^&c, in 
-* feet, when diftant ten feet, which 
*' at 20 muft be doubled/ and at 30 

' trebled; and alfb the quantities 

* for reducing hypothenuial Lines 

< to horizontal : it is moveable by a 

* pinion fixt in the double index. 

* TheTelefcope isa little fhorter 

* than the diameter of the Limb, 

* that a fall may not hurt it j* yet 
•< it will magnify as much, and fhew 
'< a difbnt dbjed as perfed, as ' 
/ moft of treble its' length; in its 

< focus are very fine crofs-wires, 

< whofe interfedion is in the plane 
•« of the double Sextant, and this was 
■« a whole Circle, and turned in a 

< Lathe to a true Plane, and is fixt 

* at right angles to the Lin^; fb 
'■■ *f that whenever the Limb is fet ho- 

* rizohtal (which is readily done by 

* making the Spirit-Tube level o- 

* vcrtWQ fcrews, and the like ovet 

' the 
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the other two) the double Sexanf 
and Telefcopeare moveable in a 
vertical Plane, and then every An- 
gle taken on the Limb (tho* the 
Telefcope be never fo much ele- 
vated or depreft) will be an Angle 
in the Plane of the Horizon, and 
this is abfblutely neceffary in plot- 
ting a horizontal Plane. 

* If the Lands to be plotted are 
hilly and not in any one Plane, 
the Lines mealured cannot be truly 
laid down on paper; without being ^ 
reduced to one Plane, which muft; 
be the horizontal, becaufe Angles^ 
are taken in that Plane. 

• In viewing my objeds, if they 
have much altitude or depre(fion,^ 
I either write down the degree and 
decimals fhewn on the double Sex- 
tant, or the links fhewn on the 
back-fide, which laft fubtrad:ed 
from every chain in> the ftation- 
iine, leaves the length in the ho-'^^ 
rizontai Plane \ but if the degree i^ 

: * taken. 
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« taken, the following Table will 
• {hew the quantity. 

A Table of the links to he fubtraBed 
■ ma of every Chain in hypothcnu- 
' fal Lines of fever al degrees aki- 

tude, or deprejion, for reducing them 

to horizontal. 



D*gre*s 


Lhh 


Deireet 


Links 


Degrees 


Limb 


4.05' . 




14.07 • 


. '3 


13,074 


. . 8 


f.73 . 


f 


i6,x6 , 


• 4 


M,49f 


. . 9 


7,oi . 


3 


i8,i9jr 


• • S 


ijr,84 • 


. 10 


8iii • 


. I 


19.9J • 


. <J 


2.7.13 . 


. 11 


11,48 . 


. % 


xi,5^y 


. . 7 


x8,36 . 


. 11 



' Let the firil ftation-Iine real- 
ly meafure 1 107 links, and the 
Angle df altitude or depreifion be 
i9**,93 J- looking in die Table I 
find agatafl ip**>? J is 6 links, 
now 6 times 1 1 is 66y which fiib- 
traded from 1 107 leaves 1041, 
the true length to be laid donmin 
the Plan. 

It 
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* It is nfeftil in: iirrveying to take 
the angles which the bounding 
lines form with the magnetick 
needle j in order to check the an- 
gles of the figure, and to plot 
them conveniently afterwards. 




PART II. 

of the furfaces of hoSes. 

TH E fmallcftfupcrficialmea- 
fure with us i» a iquareinch, 
1 44 of which make a fc|uare 
foCH:. Wrights make ufe of thele in 
the mtdht\si% of deals and planks j 
but thefquare foot which the Glaziers 
in mea&ring of glaf% confifts only 
of (^4 fquaijc inches. The other 
rtieafu^-es are, /r/> the t)k^Q^mQ ; 
%Jh, Tbe-filt^contaiiiingj^rquare 
, L ells. 
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ell^ 3<//y, The rood containing. 40 
falls, ^fhly. The ^cre containing 
4 roods. Slaters, Mafons and Par- 
.vers ufe the ^H fquare and the fell. 
Snrveyors of landufe the fquare ell, 
the fail, the rood, and_the acre. • 
The fliperficial meafures of the 
Ettglf/h, are, ifi, the fquare footj 
iiSyf the fquate yard^ containidg 9 
fquare feet j for their yard contains 
only jTfeet f^^i^, the .pole, con- 
taining 30 ? fqaure yards ; 4^^/y, the 
rood,; containing. 40 poles j ^tbly, 
the acre, containing 4 roods. And 
hence it is eafy to reduce our luper- 
-ficial meafures: to the Eftgiifh, ©r 
. theirs to our«; : 

- * In order Jto find the cont^int of 
i* a'iieldy it is moft convenient , to 
: * meafure the lines by the chains de- 

* - fcribed above, p, j . : that o£ .2 2 
'•* yards for computing the £«rg/#/& 
•* acres, and that ■. of 24 Scots ells ^for 

* the acres o£ Scotland. The chain 

* is divided into 100 links, and the 

' iquare 
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f^uarc of the chain is - 1 6000 fquare 
links J ten fquares ofthe chain, or 
1 00000 fquare links give an acre.' 
Tlierefprc, if tlie area be exprefled 
bylquare links, divide by 100060 
or cut off five decimal places, and 
the quotient fhall give the area 
in ecres and decimals of an acre. 
Write the entire acres apart, but 
multiply the decimals of an acre 
by 4,- and the product fhall give 
the remainder or the area in roods 
and decimals of a rood. Let the 
entire roods be noted apart after 
the acres", then multiply the deci- 
mals of a rood by 40, and the pro- 
dud fhall give the remainder of 
the area in falls or poles. Liet rfie 
entire 'falls or poles be then writ 
after thie roods, and multiply thd 
decimals of a fell by-j^J, if the 
area is required in the meafures of 
Scotland y- but multiply the deci- 
mals of a pole by ^o^j if the area 
ii required in themealiires of £«g- 
h I ' land 
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* land, ,and the prodvia fliall give 

* the remainder of the area ia fquare 

* ells in the former cafe, but in 

* iquare yards in the latter. If, in 

* the former cafe, you would reduce 

* the decimals of the iquare ell 

* to fquare feet, multiply them by 

* 9.50694^ but in the latter cafe, 

* the decimals of the Englijh fi}uare 

* yard are reduced to fquare feet, 

* by multiplying them by 9. 

* Suppoie, for example, that the 

* area appears to contain 1165842 

* fquare links of the chain of 14 

* ell^, and that this area is to be ex- 

* prefTed in acres, roods, falls, &'c. 

* of the meafures of Scotland' Di- 

* vide the iquare links by 1 00000, 

* and the quotient 12,^5841 ihows 
^ the area. to contain 12 acres and 

* ^^o of ^ acre. Multiply the de- 

* cjmal part by ,4, and the product: 

* 1.6 116% gives the remainder in 

* roods and decimals of a rood* 
[ Thofe decim^s of the cood being 

mul- 
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multiplied by 40, the produ<5k 
gives 25.3471 falls. Multiply 
the decimals of the fall by 36, and 
the produ<^ gives 11.4992 fquare 
ells, '^'he decimals of the fquaro 
ell multiplied by 9.50(^94 give 
4.7458 fquare feet. Therefore the 
area propoied amounts to 1 1 acres^ 
2 roods, 25 falls, 11 fquare ells, 
and 4 T«*s fquare feet. 
* But if the area contains the fame 
number of fquare links of Gunter'^ 
chain, and is to be expreffed by 
Engl'tjh meafures, the acres and 
roods are computed in the fame 
manner as in the former cafe. 
The poles are computed as the 
falls. But the decimals of the 
pole, v'$z. T^^s are to be multiplied 
by 30 i (or 30.25) and the pro- 
dui6t gives 10.5018 fquare yards. 
The decimals of the fquare yard 
multiplied by 9, give 4.5151 fquare 
feet ; therefore in this cafe tne a- 
jea is in Englijhm&zim^ iiacresy 



■ 
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* 2 roods, ly poles, lofquare yards, 

* and 4 jUz^ fquare feet. 

' The Scots acre is to the Engli/h 

* acre by ftatute as looooo to 78694, 

* if we have regard to the difference 

* hetwixt the Scots and Engl'tjh foot 

* above mentioned. But it is cufto- 

* mary in fome parts oi England to 

* have 18, 21, ^c. feet to a pole, 

* and 160 luch poles to an acrej 

* whereas, by the ftatute, 161 feet 
« make a pole. In fuch cafes the 
'.acre is greater in the duplicate 

* ratio of the number of feet to a 

* pole. 

* They who mcafure land in Scot" 

* land by an ell of 3 7 En^tfh inches, 

* make the acre lefs than the true 

* Scots acre by J93 to fquare Englijh 

* ittt, or by about h of the acre, 

• An husband-land contains 6 acres 

* of fbck and lythe land, that is, of 

* land that may be tilled with - a 

* plough, and mowen with a fythe ; 
*' 15 acres ofarable land make adox- 

• gang 
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*A gang Qt pjjerigate j four pxengate 

* make a pound land of old extent ( by 

* a decree of the Exchequer^ March 

* k 1 .1 J 8 j) and* is called llBrdia ter- 
« ra. A forty jfhilling . la-nd of old 

* extent contains eight oxgang, or 

* ,104 acresv -.•, •:■ ■'.■■■_■:. ' ; _■ 

"^ The arpent about fa^k , contains 

* 32400 fquare Parts feet, and is 
,* ;e<|ual to 1 ^' Scots, xop^s or 3 j\z 
:* Englffi roods, ■• ' 

J . * The »^«j quadrauiSy accordiog 
. * : to Varro, , Columellay fef c. wa^ 'a 
j* fquare- of i to Roman feet. Ttje 

* J^il^Kfff9t was the double of phii. 
.* :',Tis tp the Scofs acre as 10000 to 
. *• 104 J 6, , and to the Englt/h acre as 
; * 19000 to ,16097. It was divid- 

<'cd (like the 4^;) iqtqji umiasij^n^ 
, *" the «»«<? int<> 24 firupuh' \ This 
„;«^.]yith the three .preceedin,gr para- 

* graphs are taken from an ingenioiis 

* manufcript written hy Sn Robert 

* Stewart ProfelTor of Natural Philo- 
^^ phy. The greateftpartofthe table 

in 
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* in^. . 6, was taken from it likewife. 

PROPOSITION!. 

Problem Fig. i. 

To find the area of a reBangtilar pa- 
rdltehgram y^GD. 

I. FT tht fide AB, for example, 
^ be five feet long, anrfBC (which 
rconftjtirtes with BC a right angle at 
-B} be 17 feet. Let 17 be multi- 
plied by y, ahtl the product S5 will 
•bffc the number of fquare-lcet in the 
Area of the ligure ABGD. Bat if 
the parallelogram proofed is^ not 
^eaanjgufar as BEFC, its baf# BC 
HMjltipKed - into its perpeildieBkr 
height AB foot into its fidcj BE) 
ti^l; give its area. This is cyideCit 
from J jth I. Eml, 

PRO- 
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PRO P O S IT 1 ON Ifi» 

Prob. Fig. i. 

To find the area of a gwen triangle » 

LET the triangle BAG be given, 
wliofe bafe BC is fuppofed 9 
feet long^ let the perpendicubu: AD 
be drawn from the angle A oppofite 
to the^ bafe, and let i^ifiippofe AD" 
to be 4 ie^t. Let the half of thje 
perpCTtdicolar be midfcipHed intor tJj^ 
bafeyorthc half of the, bafe intotlift 
perpendiculMT, : or ; tkfcc the bi^^ OjP 
the prddndt of the Whcik bafe inttf 
the perpendicular, the prodii<9t giVe^r 
1 8 fquare feet for the area of the gi- 
ven triangle. :\ . 

But if only the fides are given, 
the perpchdicular< is foiind eitWi>y 
procf adfcng : the triangle or by i U 
iand 1 3 . id EucL of by fcrigononaetry 5. 
but ho!*Jthe area of I a. triangle may 

M be 
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be found from the given fides only^ 
(hall be fhown in die. 4th Prop, of 
this part: 

PROPOSITION III. 
Prob. Fig. 3. 

To find the area of any reB'tlmeal fi- 
^re. 

IF the figure be irregular, let it be^ 
refolved inta triangles j and draw- 
ing perpendiculars to the bafes in 
eacii or them, let the area of each 
triangle be found by the preceeding 
Prop, and the fum of thefc areas 
will give the area of the figure* 

SCHOLIUM 1. 

. In meafiiring boards, planks and 

flals, their fides are to be meafiired 
y a foot rule divided into 100 equal 
parte 5 and a^r multiplying the fides, 

the 
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the decimal fra^ons are eafilyredu-s 
ced to leiTer denominations. The 
menfuration of thele is eafy, when 
they are redangular parallelograms. 

SCHOLIUM. 2. 

If a field is to be nieafured, let it 
firft be plotted on paper by fbme of 
the methods defcribed in the pre- 
cecding part, and let the figure fo 
laid down be divided into triangles^ 
as was fhown in the preceeding pro- 
pofition. 

The bafe of any triangle, or the 
perpendicular upon the baiej or the 
diftance of any two points of the 
field is mcafured, by applying it to 
the fcale according to which the map 
is drawn. 

S C H L lU M I. 

But if the field given be not in a 

horizontal plain, but uneven and 

M 2 znouno 
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mountainous, the fcale gives the ho^ 
lizontal line between any two points, 
iofat. not their diftance meaiured on 
the uneven fiirface of the fieUi. And 
indeed it would appear that the ho- 
rizontal plain is to be accounted the 
arfea of an uneven and hilly country. 
For if fuch ground is laid out for 
building on, or for planting with 
trees oi bearing corn, fince thefe 
ftand perpendicular to the horizon, 
it is puiin that a mountainous country 
canapt be confidered as of greater 
extent for thofe ufes than the hori- 
zontal plain ', hay, perhaps, for nou- 
riihing of plants, the horizontal plain 
may be preferable. 

If however the area of a figure as 
it lies irregularly on tht. iaxizjcc of 
the earth, is to be meafured, this may 
be eafily done by refolving it into tri- 
angles as it lyes. Thefiim of their a- 
reas will be the area fought, which ex- 
ceeds the area of the horizontal figure 
more or leis according asthefieldis 
mott or Id^ ufieven, PRO- 
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P R O P O S I T I O' N IV. 

PhOb. Fig. 2. 

*Tbe fides of a triangle being given, to 
find the .area, without finding the 
perpendicular . 

LET all the fides of the triangle 
be colle<5bed into one fum, 
from the half of which let the fides 
be (eparately fubftra<^e<l, that three 
differences may be found betwixt the 
forelaid half fiim and each fide j then 
let thcfe three differences, and the 
half fum be multiplied into one ano- 
ther, and the fi^uare-root of the pro- 
dud will give the area of the triangle. 
For e3cample,let the fides be 10, 17, 
21, the half of their fum is 24, the 
three differences betwixt this half fiim 
-swd the three fides, are. 14, 7 and 5. 
Thefirft being multiplied by the fe- 
ixmAy sad their produ6tby the third, 

we 
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we have 294 for the produd of the 
differences, which multiplied by the 
forefaid half film 24 gives 7056 j the 
fquare-root of which 84 is the area 
of the triangle. The demonftration 
of this, for the fake of brevity we o- 
mit. It is to be found in fever al trea- 
tifes, particularly in Clavius's praBi- 
cal Geometr'^, 

PROPOSITION V. 

Theor. Fig. 4. 

iToe area of the ordinate figure 
ABEFGH is equal to the produd 
of the half-circumference of the po- 
lygon multiplied into the perpendi- 
cular drawn from the center of the 
circumfcribed circle to the fide of the 
polygon. 

FOr the ordinate figure can be re- 
folved into as many equal tri- 
angles^ as there are fides of the figure; 

and 
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ind fince each triangle is eiqual tol 
the produ(5t of half the bafe into the 
perpendicular, it is evident that the. 
lum of all thie triangles together, 
that is the polygon, is equal to the 
produd of half the fum of the bafes 
(that is the half of the circumference 
of the polygon) into the common 
perpendicular height of the triangles 
drawn from the center C to one of 
the fides, for example to AB, 

PROPOSITION VI. 
Prob. Fig, 5, 

The area of a circle is foitnd. hy.mulfi- 
plyi»g the half of the periphery tn-. 
to the radius^ or the half of the ra-* 
dius into the periphery. 

T7OR a circle is not different firom 
J/ an ordinate or regular polygon 
of an infinite number of fides, and 
the common height of the triangles 

into 
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intovhich the polygon (or circles- 
may be fiippofed to be divided^ is die 
radius of the circle. 

Were it worth while, it werceafy 
to demonftrate accurately this pro- 
pofition by means of the infcribed 
and circumfcribed figures, as is done 
in the 5th prop, of the treatife of 
Archtmedes^ concerning the dimen- 
fions of the circle. 

COROLLARY, 

Hence alio it appears that the area 
of the fedor ABCD is produced by 
multiplying the half of the arch in- 
to the radius | and likewife that the 
area of the fegment . of the circle 
ADC is found by fubftradang from 
the area of the fe^or the area of the 
triangle ABC. 
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P H O P O S I T I O K VIL 

Theor. Fig. 6* 

The c'trck is to the fquare of the di" 
ameter as ii to 14 nearkf, 

FOR if the diameter AB be fuppo- 
fed to be 7, the circtimfereiice 
AHKB will be almoft zi (by the 
lid prop, of the firft part of this) 
and the area of the fquare DC Will 
be 49 J and by the preceeding prop, 
of this/ the area oF the circle will 
be 38 -iy therefore the fquare DC 
will be to the infcribcd circle as 49 
to 3 8 J, or as 98 to 77^ that is, as 
14 to tt. jg. £. £>. 

If greater exadnefs is required, 
you ttiay proceed to any <iegree of 
accuracy j for the fquare DC \% ti> 
the infcribcd drcleas 1 to i— t + I 
;^ ^ 4. t u-w .; 4. ^i ^c. ift infimtum. 

* This, ferics will be of nofervicc 
N 'for 
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* for compating the area of the cir- 

* cle accurately, without fome fiir- 

* the'r artifice, Ibecaufe it converges 
' at too- flow a rate. The area of 

* the circle will be found exadly e- 
*- nough for moflpurpofes, bymul- 

* tiplying the fquare of the diame- 
' ter by 7854, and dividing by 

* lopoo, or cutting off four decimal 
' places from the produiStj for the 

* area of the circle is to the circum- 

* icrib^d. fquare nearly as 7854 to 

' lOOOO. 

P RO P O S X T i ON VIIL 

pROB. Fig. 7. 

To find the areii of a gtven elltpfe, 

LEt ABCD be an ellipfe,.whofe 
greater diameter is BD andlef- 
ier.AC, bile(5ting the greater per- 
pendicularly in E. Let a mean ptor 
portional HF be found ( by the 1 3th 

d. 
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'6. £«c/.)- between AC ^nd BD, arid 
(by the (Sth of this) find the area 
of the circle defcribed on the dia- 
meter HF. I fay that this area is e- 
qual to the area of the elliple ABCD. 
For becauie, as BD to AC, lb the 
fquare of BD to the fquare of HF 
(by 2. Cor. 20th 6, tMch) but (by 
the 2d II. EucL) as the fquare of 
BD to the fquare of HF, fo is the 
circle of the diameter BD to the 
of the diameter HF : therefore as BD 
to AC, fb the circle of the diame- 
ter BD to the circle of the diameter 
HF. And (by the y. prop, oi Ar- 
chmedes of fpheroids^ as the grea- 
ter diameter BD to the leffer AC, 
fb is the circle of the diameter BD 
to the ellipfe ABCD. Confequent- 
ly (by the nth j. Rml^ the cirlec 
of the diaineter BD will have thfc 
fame proportion to the circle of 
the diameter HF, and to the ellipfe 
ABCD. Therefore, by 9th j. EucL 
N 2 th^ 
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tht area of the circle of the diame- 
ter HF will bf equal to the area of 
the eUipfc ABCD. ^. £. D. 

SCHOLIUM. 

From this and the two proceeding 
propofitions, a method is derived of 
finding the area of an eilipfe, Ther^ 
arc two ways j jft, fay, as i i^ to the 
leirer diiunet^r, fb is the grei^ter diar 
meter to a fourth number (which i^ 
found by the rule of thre^.) Then 
again fay, as 14 to n, fb i^ th^ 
4th number found to the area fought. 
But the iecond way is fhorter. Mul- 
tiply the lelTer diameter into the 
greater, and the product by 11 ^ th^ 
divide the whole produ(^ by 14, apd 
the quoeieqt will be the area (ought 
of the elUpfe. For example, lettbt 
greater diameter be lo, and th? lef- 
fer 7, by muluiplying 10 by 7, the 
produd is 70, and multiplying that 
by II, it is 770j apd dividing 770 

by 
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hy r4, thequotifatwill l^e n>whick 
is the are* of the ellipfis fought, 
' The area of the ellipfe will b? 

* found more accurately, by multV- 

* plying the produd of the two di" 

* ametersby ,7^54' 

We ihall add no more about o- 
ther plain furfaces, whether redili- 
near or curvilinear, which feldom 
occur in pradice j but fhall fubjoin 
fome propofitions about meafuri&g 
the furfaces of folids* 

PR OPO SITIONIX. pRQf. 
To meafurf the fur face of any prifm* 

BY the 14th definition of the it, 
Eu4. a pf ifm is contained by 
plains, of which two oppofite fide* 
(commonly called the bafes) are 
plain redilinear figures j which arc 
fiithe; regular and ordinate, and mea- 
fiired by prop. j. of this part, or 
however irregular, and then they 

re 
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are meafiit-edby the 3d prop, ofthij 
book. The other fides are pardle- 
lograms which are meafared by the 

1. prop, of this fecoad part, and the 
whole luperficies of the ptifm, con- 
fifts of the fum of thofe taken alto- 
•gether. ' ' 

PROPOSITION X. Prob. 

To meafure the fuperfic'tes ofanypy^ 
ram'fd. 

Since its bafis is a redilinear fir- 
gure, and the reft of the plains 
terminating in the top of the pyra- 
mid are triangles^ thefe meafured 
(eparately, and added together, give 
the furface of the pyramid reouir-. 
ed. 
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F.R Q P O 5 1 T I O N > XL Puob. 

To meafure-the'/uperficiesof any regu- 
lar body, 

THele bodies are called regular, 
which are bounded by equila* 
teral and equiangular figures. The 
fiiperficies of the tetraedron confifts 
of four equal and equiangul.ar trian-; 
gles J the fuperficies of a kexaedron 
or cube, of fix equal fquares j an o^ 
daedron of eignt equal ^quilate-. 
ral triangles f :a dodecaedron of 
twelve equal and ordinate pentagons^ 
Andthefiiperficies of an icpfiaedron 
of twenty equal and equilateral tri- 
angles. Therefore it will be ealy tQ 
meafiire thefe furfaces from what has 
been already fliown. 

In the fame manner we may mea- 
fure the fiiperficies of a folid con- 
tained by any plains. 

PRO- 
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PROPOSITION Xll. 

Prob. Fig* S. 

To meafure the Juperficies of a cylm- 

Tp^Ecaufe a cylinder differs v€ry 
X/ litrfe from & prifitt wh^fe d|u 
poiite pUins (or bafesj are ordinacie 
flgiires of an in^niee number of 
fide*,- it appears that the fuperficies 
0f a cylinder, withoat the bafes, is 
^uat to a<i infinite number of parsl^ 
ktograms, the common altitude of 
ill \»^hi€h is, with the height of f big 
cylinder, and the bafes of them all 
differ very litrie from the peripl^ry 
of the circle which is the b^fe of 
the cylinder. Therefore this peri- 

Ehery multiplied into the common 
eight, gives the iiiperficies of th^ 
cylinder, excluding the b^e^ j whlc^h 
are to be meafured feparately by the 

help 



\ttlp of ihc dth ©ropJ^f this f aaii ' 
^ • This |>r0'^o(itioft ioticertiing £fe# 
irieafilrc of the furftcc of the cy-J 
lioder (exeladittg its hafis) is eriden^ 
from this, That when it is concieire^ 
to be ■ fpread out^ it becomes ^ pa*** 
raltelograiiij ifrhpfe bafe is the per in 
phery of the circk of the bale of the* 
cylinder ftretched into a fight line^- 
and whdie height is the iame wit^ 
the height of the cylinder^ 

PROPOSITtOK Xltl.' 

T5 tneafur^ thefiirfdceof Uri^toml 

THe fdrf^ of i Yv^^. toVLt% 
very little ^different 'ftbm thcf 
forfiice pf a right pyr^triid^, having 
an or dtnatr polygon fbi it^ bafe o? 
an infmitcrtuittber of fides I the for- 
face of which (exchitihig 'the baf^ 
IS equal to the mm of the triadgks« 
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The fumof^he bafes of theietri-': 
angles is equal to the periphery of 
the circle c^the bafe, aii4^ue com- 
mon height of the triangles is the 
fide of the cone ABj wherefore the 
ijum of thefe triangles is equal to the 
product of the fum of the bafes (/. e, 
the periphery of thebaic of the cone) 
multiplied into the half of the com- 
mon height, or it is equal to the 
produd of the fide of the cone mul- 
tiplied into the half of the periphe- 
ry of the bale^ 

*If the area of the bafe is likewife 
wanted, it is to be found feparately 
by the 6th prop, of this part. If 
the iurface of a cone is fuppoied to 
be fpread out on a plane, it will be- 
come a lector ofn circle, whole ra- 
dius is the fidj^ of the cone, and the 
arch terminating the ie<^or is made 
from the periphery of the bafe. 
Whence by corol. 6. prop, of this^ 
its dimenfion may be found. , 

CO-' 



f 
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CO ROLL ART. \ 

Hence it will be cafy. to meafiirc 
the liirface of a fruflum of a cone cut 
by a plain parallel to the bafe. As to 
what rclatb to the mdafiiring of th^ 
iiirface of the fcalenous conejhccaulc 
It is not very ufeful in practice, ; wfc 
(hall not dcfcribe the method, which 
would caAy us beyond the limits of 
this treatife. ' ' o 

PROPOSITION XIV. 
Pp. OB. .Fig. 10. 

» •• • • * , » - ' ^ 

To meafure the fur face ofagtvenjphere, 

LEt there be a fphere, whofc cen- 
ter is A, and let the. area of its 
convex iurface be reqioired. Archi" 
medes dfmonftrates (37. prop. i. 
book of theTpherc and cylinder) that 
"it^ iibrfaccis equaltcrthd area of four 
O 1 great 



^9? .^Xr^^fi !^. 

great circles of the fphere ; that is, 
let the area oFt the. fireat circle be 
multiplied by 4; anil tae produdt will 
^T\e the ,4fe^; . pf the ^Lere, . pr by 
foth 6, a^d^4 12. qtEucI, the a? 
^ea of the rphere giyta is ccjqal tp 
.the area of ^circle w^fe radius i$ 
die .right liAe 3.C the iduineter of the 
jfphere, /J'hfreforc .ha;i?4ng m^afur*. 
4CJ '(by d.^.propr, pf :^h4S part) the 
idrcje (fefctibed. with the x^^ius BC, 
tnis will give th^ lurJBic^ of the 
Iphere, 

F R P* 6$I t tON XV, 

pROB. Fig; io. 

\ ' . * ...» 

7i me^fure the furface ofafegm^nibf 
(i fphere, 

JET there be a fegment .cut off 
ff by the piaio ED..Jr<:hf^des de- 
^ni^n^i|a;e? (^;^,,^4 jo.i.tifjph^ra^ 
J^t ihf .furf^epf thisf?gi^^ e:j^-. 

\ . . du* 
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praBical Gewmry, ^09 

idiKUng ;the' clrcubu: ibale, i% tc^^ 
the area oi a circle whofe radius 
is the right line BE drawn from the 
YCftcxB of the iegment to the pe^- 
iriphery of the circle DE. There- 
fore by the ^. prop, of this part. It 
is eafily meafured, 

C RO L LART i, 

-V • ■. ..--A • •••. ■-.-■■■.■ • .J 

Hence that part of the liirface of 
a fphere that lieth between two pa- 
j^Uel plaijisi is eafily n^e^fured, i.by 
ftbftra<^ing the liirface,pf the l^^r 
fegnienttrom the %ja(ceofthegreir 
ter fpeiiieijt, , . , .'' t 
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r Hence likewife it folfpws that thp 
iurfacepf a cylinder defci^ibed abpat 
.'a Iphere ^excluding the. bans) is 
c:<jual to the Jurface of t;he fphfre, 
^od the parts of the oi^c tpthep^ts .of 
iKe other imerccpte4t> Ween plains 



no 
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parallel to the bafis of the cylinder. 





PART III. 

Of foUd figttres and their menfw 
' ration, 

I S iri: the preceeding parts wc 
— . JL took 'an; iiich for the fmallef^ 
ineafiire iti length, ind an ifich fquarc 
for the fmalleft luperfidal mealure j 
fo now, in treating of the menfura- 
tioH- of'-ielids, Vc take a cubical 
iQch for the. fmalleft folid meafure. 
<)f thef e . io^ niaice a Scots pint ,• o- 
ther' liquitf meifures dcpeTfid on. this, 
as is generdl^ known.* l ' ' 

J:/' In dry ftieafiires, the firlot by ik- 
tutc, containisj'ip J pitits^ and on thfs 
'depend "the other dry imeafures^ 
'* I there- 



s' 
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therefore, if the content of any fohd 
bfi given in. cubical inches, it will 
be eafy ,to reduce the fame to the 
common liquid or dry meafures, and 
converfely . to reduce thefe to fblid 
inches. The liquid and dry mea- 
fiires in ule among other nations are; 
tnov^n from their writers. 

* As to the £«^//yZ> . liquid m^a- 
iiures. By ad of Parliament 1706, 
any round veflfel, commonly cal- 
led a cylinder, having an even 
bottom, being feven inches in di^. 
ameter throughout, and fix inche$ 
deep from the top of the infide 
to the bottom ; (which velfel will 
be found by computation to con-: 
tain 230 T^^j cubical inches) or a- 
ny velfel containing 231 cubical 
inches, and no more, is deemed tQ 
to be a lawful wine gallon. An 
EngUJh pint therefore contains 
281 cubical inches ^ two pints mak^ 
a quart, four quarts . a gallon^ 18 
gallons a roundlet, three round<; 

* lets 
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* lets and ah'hilf, pr iiJj gallon^! 

* make a hogiheadV'tlic half b? 

* a hogfhead is a barrel i * one hoff- 

* {head, arid a third, of t^ g3- 

* Ions make a puncheon; one pon- 
< cheoft and a half, or two hog-- 

* fheads, or ii6 gallons, make a 

* pi^eor butt i the third part of t 
*■ pipe, or 42 gallons make a tierce j^ 

* two pipes, or three ptmcheons, or 
' four hogfheads make a tun of 

* wine. ■ Tho' the£»^/i/i&wirie-gal- 
' Ibhisnow fixed at 131 cubical in- 
*- ches, the ftandard kept iq Guildhall 

* being meafufcd before ii^any per- 

* ibns of diftindion, Mtyy. ijy 1^88^ 
^ it was found to contain bnl^ 114 
' fucli inches.' '-■■.'' 

' *' In 1&1C En^lijh Beer-meafure, a 
^ gltlon (iontairis i%i ciijiical inch- 

* ^ J confe<}uently 3 j ? cubical inch- 

* es mike a pint, two pints msjjcea 
f quirt, four cjuartsmake a gaHon^ 
*. ni'ne gallons a fiilcin, four Brkins 
' a t^atrel. It. ale, eight gallons make 

* a 
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a firkm, and 3 1 gallons mafkcr a 
a barret. By ad A«5b of the firft 
K^fVilFtam and Mary, 34 gallons 
is th€ barrel, both for beer and 
ale, in all places, except within 
the weekly bills of mortality. 
* In Scotland it is known that font 
gills make a mutchkin, two mutch- 
kins make a chopin, a pint is two 
chopins, a quart is two pints, and 
a gallon is four quarts or eight 
pints. The accounts of the cubi- 
cal inches contained in the Scots 
pint vary confiderably from each 
other. According to our Author 
it contains 109 cubical, inches. 
But the ftandard jugs kept by the 
Dean of Gild of Edmbt4rgh (one 
of which has the year 1555, with 
the arms of Scotland^ and of the 
town of Edinburgh marked upon it) 
having been carefully mealured fe- 
veral times, and by different per- 
fons, the Scots pint, according 
to thoie ftaridards, was found to 
P * con- 
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contain about 103 ?» cubic incKes> 
The Pewterers jugs (by which the 
vefTels in common ufe arc made) 
are faid to contain fometiraes be- 
twixt 10 y and 106 cubic inch- 
es. A cask that was meafured 
by the Brewers of Edtnburghy be- 
fore the Commiflioners of Excife 
in 1707, .was found to contain 
46 i Scots pints,- the fame veffel 
contained i8 t^ Engl'tjh ale gal- 
lons. Suppofing this menluration 
to be juft, t\iQ Scots pint will be to 
the Engltjh ale gallon as z 89 to 
7yo J and ii tht Englijh ale-gallon 
be fuppofed to contain 2 8 z cubi- 
cal inches, the Scots pint will con- 
tain io8.664cubicalinches. But it 
is fufpeded on feveral grounds that 
this experiment was not made 
with fiimcient care and exadnefs. 
* The Commiffioners appointed 
by authority qf Parliament to fettle 
the meafures and weights in their 
At\ oi February 19, 161 8, relate^ 

That 
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* That having caufed fill the Lm- 

* lithgow firlot with water, they found 

* that it contained ii +' pints of the 

* juftv5V/r//«g jugand meafure. They 
^ likewiie ordain that this fhali be 

* the juft and only firlot, and add, 

* 7%at the w'tdenefs and breadnefs of 

* the which firlot^ under and abffue, 

* even over within the huirds, Jhall 

* contain nineteen inches, and the 
'*■ Jixth part of an ineh^ and the deip- 

* nefs jeven inches , and a third part 
^ of an inch. According to this A(^ 

* (fiippofirig their experiment and 
^ computation to have been accurate) 
^ the pint contained only 99. J <^ cu- 

* bical inches J for the content of 

* fuch a veflel as is defcribed in the 

' ad is 2115.85:, and this divided 

■'by 21 T, gives 99.^6. But by the 

' weight of water faid to fill thisfir- 
^ lot in the fame Ad:, the meafure of 

* the pint agrees nearly with the E- 

* dinburgh ftandard above mentioned. 
[ As for the Englifh meafures of 

Pi * corn 
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corn t\itffmcbefier gallon contains 
272 :? cubical inches, two gallons 
make a peck, four pecks or eight 
gallons (that is 2178 cubical inch- 
es) make a bufhel, and a quarter is 
eight bufhels. 

* Our Author fays, that 19 -iScoU 
pints, make a firlot ; but this does 
not appear to be agreeable to the 
flatute above mentioned, nor to the 
ftandardjugs. It m^y be coaje6bu- 
red that the proportion afligned by 
him has beea^ deduced from fbme 
experiment of how many pints, ac- 
cording to common ufe, were con- 
tained in the firlot. For if we fup- 
pofe thofe pints to have been each 
of 108.664 cubical inches, accord- 
ing to the experiment made in the 
X707, before the Comi^iHioners 
of E:?cife defcribed above j then 
;9 i fuch pints will amount to 
2118.94 cuoical inches which a- 
grees nearly with 2 1 1 jf . 8 y ?he 
meafur^ pf ;he firlot by theftatute 

* above 
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' above mentioned. But it is pro- 
bable, that in this he followed the 
Ad 15:87, where it is ordained 
that the wheat firlot fhall contain 
19 pints and twa joucattes. A 
wheat firlot marked with the Lin- 
lithgow ftamps being meafured, was 
found to contain about i^ii cubi- 
cal inches. By the ftatute of 1 6 1 8 , 
the barley-firlot was to- contain 3 i 
pints of the juft St'trlmg jug. 

* A Paris pint is 48 cubical Paris 
inches, and is nearly equal to an 
Englijh wine quart, liht BoiJJeam 
contains ^44. 6 S 099 Paris cubical 
inches, or 780.36 Effglijh cubical 
inches. 

* The Roman Amphora was a cu- 
bical Roman foot, the Qingtus was 
the 8 th part of the Amphora, the 
Sextarius was one fixth of the Con- 
gms. They divided th^ Sextaritts 
like the ^ or Lihra^ Of dry 
meafures the Medimttmw^ equal 
to tw^Anphoras., that i& about lAr 

Bng" 
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* En^tjh\t%A bufhelsj and theAf<»- 

* d'tus was the third part of the^»»- 
' phora, 

PROPOSITION I. Prob. 

*To find the folfd content of a gwen 
prtfm. 

BY the 2. prop, of the id part of 
this, let the area of the bale 
of the prifm be mealured, and be 
multiplied by the height of the prifm, 
the product will give the folia con- 
tent of the prifm. . 

PROPOSITION II. Prob. 

•To find the folid content of a gwenpy- 
'- ramid 

THfE ar^a of the bafe being found 
(by the 3d prop, of the id part) 
let it be multiplied by the third part 
of the height of the pyramid, or th6 
- ^ third 
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third part of the bafe by the height, 
the product will give the foUd con- 
tent by 7th I x. LucL 

CORROLARY. - 

If the folid content of a frufium 
of a pyramid is required, firft let tlie 
folid content of the entire pyramid 
be found, from which fubftrad the 
folid content of the part that is want- 
ing, and the folid content of the 
broken pyramid will remain. 

PROPOSITION III. Prob. 
To find the content of a gwen cylinder, 

THE area of the bale being 
found (by prop. 6. of 2. partj 
if it be a circle, and by prop. 8. if it 
be an ellipfe for in both cafes it is 
a cylinder) multiply it by the height 
of the cylinder, and the folid con- 
tent of the cyhnder will be produced. 

6(9- 
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COROLLARr, JBiG,i: 

And in this manner may be mea- 
fiired the folid content of velTels and 
casks not much different from a cy- 
linder as ABCD. If towards the 
.middle EF it be fbmewhat groffer, 
the area of the circle of the bale be- 
ing found (by dth prop, of i. part) 
and added to the area of the middle 
circle EF, and the half of their fun^ 
(that is an arithmetical mean betwec» 
the area of the bale, and the area of 
the middle circle) taken for the bale 
of the veflel, and multiplied into its 
height, the Iblid content of the gi- 
ven velTel will be produced. 

Note, That the length of the 
velTel as well as thediameters of the 
bale and of the circle EF ought to be 
taken within the ftaves j for it is the 
folid content within th« ftaves that 
is Ibught. 

PRO- 
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PROPOSITION IV.P&OB. 
To find the fol'id content of agtven conei 

LET the area of tte bafe (found 
by prop. 6th, 2. part) bemul-f 
tipUed into x of the height^ thd 
produd fhall give the folid content 
of the Gone j for (by 16th, 12. Eucl.) 
a cone is the third part of a cylinder 
that has the fame bafe and heights 

p R o I* o s i T 1 6 K V'. 

■ Pit OB. FiGi i.aiid 3* 

To find the fol'td content of a fruftuitt 
of a cone cut- hy a plane parallel tcf 
the plain of the bafe 4 

FIrft, let the hdght of the etitira 
cone be found, and thence, (by 
the preceeding prop.) its foUd Con- 
tent ^ from which fubftradt thefoHd 

Q, €on« 
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content of the cone cut off at the 
top, there will remain the folid con- 
tent o( the fruftum of the cone. 
. How the content of the entire 
cone may be found, appears thus, 
fet ABCD be the frufium of the cone 
("either right or fcalenous, as in the 
figures 2. and 3.) let the coneECD 
be fuppofed to be compleatedj let 
AG be. drawn parallel toDE, and let 
AH an<iEF be perpendicular on CD. 
it will be (by ad 6. Eucl.) as CG : 
CA ; : CD: CEj but (by the 4th 
prop, of the fame book) as CA : AH 
: ; CE : EFj coniequently (by 2 2d 
^.Eucl.) as CG : AH : : CD : EF, 
that is, as the excefs of the diame- 
ter of the greater bafeof thcj^n^^wr 
above the lelTer bale, is to the height 
of the frufium j^ fo is the diameter of 
the greater bale to the height of the 
entire cone* 



CO^ 
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COROLLART, Fig. 4. 

Some casks whole ftaves are re- 
markably bended about the middle, 
and ftreight towards the ends, may 
be taken for two portions of cones, 
without any confiderable error. 
Thus ABEF is a frufium of a 
right cone, to whbfe bafe EF, on 
the other fide, there is another fi- 
milar frufium of a cone joined EDCF. 
The vertices of thefe cones, if they . 
be fuppofed to be completed, will 
be found at G and H. Whence, by 
the preceeding prop, the folid con- 
tent of fuch vellels may be found, 

PROPOSITION VI. 

The OR. Fig. J. 

A Cylinder circumfcribed about 
a fphere, that is, having its 
bafe equal to a great circle of the 
Q^ z fphere 
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fphere, and its height equal to the 
diameter of the iphere, is to the 
Iphere as 3 to 2. 

Let ABEC be the quadrant of a 
circle, and A^DC the circumfcribed 
fquare j and iikewife the triangle 
ADC,- by the revolution of the fi- 
gure about the right line AC as a-r, 
xis, a hemifphere will be generated 
by the quadrant, a cylinder of the 
fame ba(e and height by the fquare, 
find a cone by the triangle, Let 
thele three be cut ai^y how by the 
plain HF parallel tp the bafe AB, 
%\it fedion in the cylinder will be a 
a circle^ whofe radius is FH,- in the 
hemifpherea circle of the radius EF i 
^nd in the cone, a circle of the ra- 
dius GF, 

By the 47th i. EucL EA^, or H% 
t5:EF^ and F A^ taken together, (but 
AF^ = FG^jbecaufe AC ssCD) there- 
fore the circle of the radius HF is 
equal to a circle of the radius EF 
together with a circle of the radius 
'■■ ^ ■■" ■ ■■ 6F,, 
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GF,and fince this is true every \i^here, 
all the circles together defcribed by 
the refpedive raaii HF, (that is the 
cylinder,) are equal to all the circles 
defcribed by the refpedive radii EF 
and FG (that is to the hemisphere 
and the cone taken together ,•) but by 
loth 12, Eucl. the cone generated 
by the triangle DAG is one third 
part of the cylinder generated by the 
fquare BC. Whence it follows that 
the hemifphere generated by the 
^rotation of the quadrant A3EC, is 
equal to the remaining two third 
parts of the cylinder, and diat the 
whole iphere is y of the double cy^ 
linder circumfcribed about it. 

This is that celebrated 39th prop. 
I . hook of Arghtmedes of the fphere 
and cylinder, in which he deter- 
mines the proportion of the cylin- 
der to the Iphere infcribed to be th^ 
pf 3 to 2, 
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COROLLARY. 

Hence it follows that the fphere 
is equal to a cone having a circle 
equal to the fuperficies of the fphere, 
or to four great circles of the iphere, 
Or to a circle whofe radius is equal to 
the diameter of the fphere (by 14th 
' prop. 1. . part of this) for its bafe, 
and its height equal to the femidi- 
ameter of the fphere. And indeed 
a fphere differs very little from the 
fum ,of an infinite number of cones, 
that have their baies in the furface 
of the fphere, and their common 
vertex in the center of the fphere : 
fo that the fuperficies of the iphere, 
(of whofe dimenfion fee 1 4th prop, 
a. part of this) multiplied into the 
third part of the femidiameter, gives 
the folid content of the fphere. 



PRO- 
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JPRb POSITION VII. 
Prob. Fig. 6, 

To find the foltd content of a feBor 
of the fphere. 

A Spherical fedor ABC (as ap- 
pears by the corol. of thepre- 
ceeding prop.) is very little different 
from an infinite number of cones, 
having their bales in the fuperficies 
of the fphere BEC, and their com- 
mon vertex in the center. Where- 
fore the Ipherical liiperficies BEC be- 
ing found (by ly. prop. 2. part) 
and multiplied into the third part of 
AB the radius of the fphere, the pro- 
<lu6t will give the folid content of 
the fedor ABC. 

COROLLART. 

It is evident how to 6ad the foli- 

dity 
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dity of a fpherical fegment Icfs than 
a nemifpnere, by liibftrafting the 
cone ABC from the fed:or already 
found. But if the fpherical fegment 
be greater than a hemifphere, the 
cone correlponding muft be added 
to the fedor, to make the fegment* 

PROPOSITI ON VIIL 

Pr,ob. Fig* /. 

To find the foUdit^ of the fph&oid^ and 
of its fegments cut by ptaim perpen^ 
dkular to the axis," 

IN thefecond prop, of this party 
it is fhowli that every where 
EH: EGi : CF : CD ^ but circles are 
as the fquares defcribed upon: their 
rays, that is, the circle of the radius 
EH, is to the circle of the radius 
EG as CF^' to CY>q, And finee it 
is fo every where, all the circles de- 
fcribed with the refpe^tive rays EH 

(thae 
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(that is the fpheroid made by the 
rotation of the femicllipfis AEB a- 
round the axis AB) will be to all the 
cinAes defcribed by the refpe(5t:ive 
rai^ff EG (that is the fphere defcrir 
b^d by the rotation of thefemicirclc 
^PB on the axis Afe) as FG^ to 
CD^j that is, a^ the fpheroid to the 
fphere on the ikme axis, fo is the 
fquare of the other axis pf the gener 
fating ellipfe to the fquare oT the 
^3{is of the fphere. • 

And this holds, whether thefphe* 
rpid befpuiidby a revolutipa around 
the greater pr lelftr axis. 

CO R L LART i. 

Hence it appears that the half of 
theipherpid, fpriped by the rotation 
of the fpace AHFC around tl;e axis 
AC, is double of the cone generated 
by the triangle AFC about the fame 
axis ; which is the 3 %A prop, of ^r* 
chmedes, of conoids and fpheroids. 

R 6 0- 
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' ' ' " ; 

^ COROLLARY z. 

Hence likewife is evident the mea* 
fiire of legments of the fpheroid cut 
i)y plains perpendicular to the axis. 
For the legment of the fpheroid made 
fcy the rotation of the fpace ANHE 
tound the axis AE, is to the fegment 
of the fphere having the fame axis 
AC, and made by the rotation of the 
fegment of the circle AMGE, as CFy 
to CD^. 

- But if the meafiire of this fblid be 
wanted with lefs labour, by the 34tk 
prop, of Arch'tmedesy of conoids and 
Iphproids, it will be as BE to AC 
+ EB, fb is the cone of the fame 
bafe and height to the fegment of 
the fphere made by the rotation of 
the fpace ANHE around the axis 
EA J which could eafily be demon- 
ftrated, (was this a proper place for 
it) by the method of indivifiblcs, 

CO- 
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CO ROLL A Rr 5. ^ 

Hence it is eafy to find the fblid 
content of the fegnient of a fphere 
or fpheroid intercepted between two 
parallel plains, perpendicular to the 
axis* This agrees as well to the 
-oblate as to the oblong fpheroid,as is 
obvious. 

' COROLLART 4, Fig. 8. 

If a cask is to be valued as the 
middle piece of an oblong fpheroid, 
cut by the two plains DC and FG, 
at right angles to the axis. Firftlet 
=the folid content of the half fphe- 
roid ABGED be meafured by the 
-preceeding prop, from which let the 
lolidity of th^ fegnjent DEC be lub- 
ftrafted, and there will remain the 
fegment ABCD, and this doubled, 
will give the capacity of the cask 
^Jreqiived, 

R 1 The 
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The following method is gener- 
ally made ufe of foi: fihdiftg the fo- 
lid content of fiich veiTels. The 
double area of the greateft circle, 
that is of that which is defcribed 
by the diameter AB at thie middle 
of the cask, is added to the area of 
the circle at the end, that is, of the 
circle DC or FG (for they are ufiv- 
ally equal) and the third part of this 
fum is taken for a mean bafe of the 
cask, which therefore mrtltiplied into 
the length of the cask OP gives the 
cotitent of the veffcl required. 

Sometimes veffels have other fi- 
gures, different from thoie we have 
iiientioned 5 thetafy methods of mea?- 
furing which may be learned fr>6tti 
thofe who pradile this art. What 
hath already been delivered is fuS- 
cient for our purpofe. 



pro; 
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PROPOSITION IX. 
Prob. Fig. 9. aiid 10. 

T^ fittd how much is contained in a 
vejfelthat is in part empty ^ whofe 
axis is parallel to the horizon, 

LET AGBH be the gfcat circle 
in the middle of the cask, 
whofe fegment GBH is filled with 
liquor, the legment GAH being em- 
pty J the fegment GBH is known, if 
the depth EB be known, and EH a 
imean proportional between the feg- 
ments of the diameter AE and EB, 
which are found by a rod or ruler put 
into the velTel at the orifice. Let 
the bafis of the cask, at a medium, 
te found, which fuppofe to be the 
circle CKDL> and let the feghient 
KCL be fimilar to the fegment GAH 
{which is either found by the l-ule of 
three, beeaufe as the -circle AGBH 

is 
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is to the circle CKDL, fo is the 
fegment GAH to the fegment KCL j 
or is fouad from the tables of feg- 
ments made by authors) and the 
product of this fegment multiplied 
by the length of the cask, will give 
the liquid content remaining in the 
cask. 

P R O P O S I TION X. Prob. 

« 

To find the folid content of a regular 
and ordinate body, 

A Tetracdron being a pyramid, 
XX ^^^ (oM^ content is found by 
the fecond prop, of this part. The 
hexaedron or cube, being a kind of 
prifm,, it is meafured by the firft 
prop, of this part. An 0(Staedron 
confifts of two pyramids of the 
fame fquare bafe,and of equal heights, 
confequently its meafure is found 
from the fecond prop, of this part. 
A dodecaedron confifts of twelve py- 
ramids 
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tamids having equal equilateral and 
equiangular pentagonal bafes j and 
(o one of thefe being meafured (by 
^d prop, of this) and multiplied by 
11, the product will be equal to the 
folid content of the dodecaedron. 
The icofiaedron confifts of 20 equal 
pyramids having triangular bafes, 
the Iblid content of one of which 
being found (by the 2d prop, of 
this) and multiplied by 20, gives 
the whole fblid. The bafes and 
heights of thefe pyramids, if you 
want to proceed more exactly, may 
be found by Trigonometry. 

P R O P O S I T.I O N XI. Prob. 

To find the foltd content of ahody how^ 
ever irregular, 

LET the given body be immer^ 
fed in a vefTel of water, having 
the figure of a parallellopipedon or 
prifm, and let it be noted how much 
• the 
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fhe water is r^ifed upon the imrner* 
lion of th^ bo4y. For it is plaii^ 
that the fpace which the water fiU§, 
after the immerfion of ^he body, ex- 
ceeds the fpace liUed before its imr 
merfion, by a fp^ce e^qual to the {o- 
lid content of the body however ir- 
regulgr. But when this expels is' of 
the figure of a parallellopipedon or 
prifm, it is eafily meafurpd by the 
prft pirop. of this part, to wit, by 
jnultiplying thp area of the b^fe, or 
IHQuth of the veflel, ipto the diffe- 
i:ence of the elevations oS the water 
before and after immerfion. When^ 
is found the folid content of the bo- 
dy given. ^ E. L 

In the fame way the folid content 
pf a partof a body may be found, by 
immerfing that part only in wat^r. 

There is no neceflity to infift here 
pn diminiftiing or enlarging folid 
boflies in a given proportion. It 
will b^ eafy to deduce thefe things 
jirom the IX th and nth B. oiEucltd, 

THE 



I 



praB'tcal Geometry. "^17 

' THE follo\^iHg nileis ar^ fiib- 
joihed for the ready comptitatibn 
of the coritents of vefTels^ and of 
any folids in the meafures in ufe 
in Great Br'tiaini 

*- \, To find the content of a ey- 
lindric velTel ill Englijh wine gal- 
lons, the diameter of the bale atid 
altitiide of the veffel being given 
in inches and decimals of an inch. 
* Square the number of inches iii 
the 'diameter of the velTelj mul- 
tiply this fquare by the numbeif 
of inchesinthehHghtj theft mul- 
tiply theprodud oy the decimal 
fradtioii .0034 j and this laft pro- 
dud fhall give the content in 
5yine gallons and decimals of liich 
a gallori^ To exprefs th€ rule a- 
rithmetically, let D reprefent the 
nuniber of inches and decimals of 
an incli in' the diameter ©f the 
veffel, and H the inches iind deci- 
mals of an' inch in the height of 
the- veffel j then the content in 
S "Wi&c 






1.3 i A Treatife of 

wine gallons {hall be DDH x 
or DDHx .0034. Ex. Let the di- 
ameter D *= y i.i inches, the height 
H = <$i.3 inches, then the content 
(hall be ji.i x yi.i x 61.3 x.0034 
ss= jyy^ ^7342- wine gallons. This 
rule follows from prop. 7, of the 
iecond part, and prop. 3. of the 
third part j for by the former, the 
area of the bafe of the vefTel is in 
fquare inches lyD x .78545 and 
by the latter^ the content of the 
vefTel in folid inches is DDH x 
.7 8 y 4 > which divided by 131 (the 
number of cubical inches in a wine 
gallon) gives DDH x .0034 the 
content in wine gallons. But tho' 
the charges in the excife are 
made (by ftatute) on the fuppofi- 
tion that the wine-gallon contains 
2 3 1 cubical inches, yet it is faid 
that in fale 114 cubical inches 
(the content of the ftandard mea- 
fared in GW^>&^//,as was mentioned 
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above) are allowied to be a wine 
gallon. 

* II. Snppofing the E^glijh ale 
gallon to contain 281 cubical inch- 
es, the content of a cylindric veA 
fel is computed in fuch gallons^ 
by multiplying the fquare of the 
diameter of the vefTel by its height 
as formerly^ and their product by 
the decimal fraiftiort .ooi^Sjil 
That is,' the folid content in ale 
gallons is DDH x .001^8 ji. 

* HI. Suppdfmg the ScMs pint to 
contain about 103 .4 cubicalinch- 
es (which is the meafure given by 
the ftandards at Edinburgh, accor- 
ding to experiments inentibned 
above) the content of a cylindric 
velTcl is computed in Scots pints, 
by multiplying the fquare of the 
diiameter of the velTel by its height, 
and the prodn6t of thele by the 

' decimal fraction .0076, Or the 
- content of fiich a velfel in Scots 
pints is DDH X. 0676. 

Si •' IV. 



I4<» 4 Treatife of . 

* IV. Suppo/Sng the fVinchefiet*- 

* bufliel to contain 2178 cubical 
f- inches, tl^e cpntent pf a cylindric 
f veiTel is computed in thofe buftiels 
^ by multiplying the fquare pf the 

* diameter pf the venel by the 
^ hdght, .and the prpdud by the 
f decimal fradtipn .oop3<^q6. But 

* the fiandard bufhel having been 
^ meafured by Mr. Eve^ard. and o* 

* thers in i6p6, it y^as fpund tp 

* contain only z 14 y.dfblid Riches ^ 
f and therefore it was ena^edin the 
f Ad for laying a duty uppn maltj 
f That every round.buf}^elt with apfqin 
^ and even botfom, being 1% k inches 
f di/f meter throu^ouf, and 8 inches 

* deepjjkould be efieemed a fegif I Win-' 
f che^er bu/hel. According to tjiis 
< Ad (ratified in the firft Year of 
^ Queen ^nne) the legal fVinchefieri 
^ buihel contains only 2150.41 fo-» 
^ Ijd inches. And the content of a 
f cylindric veiTel is computed in fuch 
^ bufhels, by multiplying the fc[uare 

.. . ■■ ; " '"'^ pf 
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of the diameter by the height, and 
their product by the decimal fra-> 
^ion ,0003651. Or the comteat 
of, the veljfel in thofe bufhels is 
,DDH 5J .opo3<Jy2. > 

^ y. Supposing the Scots \^h.Q2it 
firlot tp contain ii ? Scots pintsy 
(as is appointed by the Statute 
]uJi8) and the pint to be conform 
to the Ed'tnbur^ ftandards above 
mentioned, the content of a cylin-* 
dric velTel in fuch firlots is com^ 
puted by multiplying the /quar© 
of the diameter oy the height, and 
their product by the decimal fra-* 
dion.00358, This firlot, in i4z<J 
Ms appointed to contain 17 pints^ 
in 1457 jt was appointed to con- 
tain 18 pints, in 1587 it is 19 ^ 
pints, in 1618 it is zi | pints} 
and tho' (his lad Statute appears to 
have been founded on wrong com ♦ 
putations in feveral refpeds, yetf 
this part pfthe A<5tthat relates^ to 
^ the number of pintjj in the firlot 



14* ^ Treatife of 

feems to be the leaft exceptionable i 
and therefore we fuppofe the fir- 
lot to contain 21 ^ pints of the 
Edinburgh ftandard, or about 2197 
cubical inches j which a little ex- 
ceeds the fV'mchefter bufliel, fron^ 
which it may have been original- 
ly copied: 

* Suppofing the bear firlot to con- 
tain 3 1 Scots pints (according to the 
Statute i<Si8} and the pint con- 
form to the Edinburgh Itandards, 
the content of a ciylindric velTel iii 
fiich firlpts is found by multiply- 
ing the fquare of the diameter by 
the height, and this product by 
.000245. 

* When the fedioh of the veffel is 
not a circle but an ellipfis, the pro- 
dud of the greateft diameter by 
the leaft is to be fubftituted ia 
thofe rules for the fquare of the 
diameter. 

* VII. To compute the content 
of a velfel that may be conlidered 

* as 
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as a fruflum of. a cone in any of 
thofe meafures. 

' Let A reprefent' the number of 
inches in the diameter of the grea- 
ter bafe, B the number of inches 
in the diameter of the lelfer bafe. 
Compute the fquare of A, the pro- 
dud: of A multiplied by B, and the 
fquare of B, ana colled: thefe into 
a fum. Then find the third part 
of this lum, and fubftitute it in 
the preceeding rules in the place 
of the fquare of the diameter j and 
proceed in all other refpe<5ts as 
before. Thxis, for example, the 
content in wine gallons is AA~+ 
AB + BB X T X H X .0034. 
* Or to the fquare of half the fum 
of the diameters A and B, add one 
third part of the fquare of half 
their difference j and fubilitute this 
fum in the preceeding rules for 
the fquare of the diameter of the 
veiTel J for the fquare of 5 A 4- J B 
added to i of the fquare of iA— 

' ;B 



i44 ■ ^ Treati/e of 

* -, B, gires f AA + 4 AB + t BB- 

\ VIII. When a vdfel is a /r»/«/^ 

* of a parabolic conoid, meafiire the 

* diameter of the fe^ion at the 

* middle of the height of the fru-^ 

* ftum i and the content will be pre-* 

* cifely the fame as of a cylinder 

* of this diameter, of the fame height 

* with the vefTel. 

* IX. When a vefTel is a fruflum 

* of a Iphere, if you meafure the 

* diimeter of the fedion at the 
« middle of the height 6f the fru^ 

* fiutn'y then contpute the content of 

* a cylinder of this diameter of thef 

* fame height with the vefTel, and 

* from this fiibftraft t of the con- 
*,tent of a cylinder of the fame 

* height on a bafe whofe di^heter is 

* equal to its height j the remara- 

* deir will give the content of the 

* vefTel. That is,if Dreprefentthe 

* diartieter of the middle fe6tion,and 

* H the height of the frufium^ yoii 
I are to fubftitute DD -^ x HH for 
^ . • ther 



the fqtiare of the diairieter of the 
cylindric velTcl in the firft fix rules. 
* X. When the veifcl is a ffiiftum 
of a fpheroid, if the bafes are e- 
quat, the content h readily foond 
by the rule in ^.132. In othei* 
cafes, let the axis of the folid be to 
the conjugate axis, as ;^ to i j let 
D be tne diameter of the middld 
fe<aion of the frufium, H the 
height or length o£ the fruftutn ; 
and fubflitute in the firft fix rulei 



DD - ^ for the fquare of the di- 

ameter of the veffeL 

* XI. When the velfel is an hyper- 
bolic conoidjlet the axis of the lotid 
be to the conjugate axis, as ;i to i, 
D the diameter of the fediofl at the 
middle ot xht frufium, H the height 
or length, compute DD + —^x HH, 
and fubfiitute this fum for the 
fquare of the diameter of the cyr 
lindric veflel in the firft fix rules. 

* XII. In general, it is ufual to 

T naea- 
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mea^are any round veflfel, by-di-* 
ftinguifhii^g it into fevcral frufiums^ 
and taking the diameter of the -fe- 
6tion at the middle of each frw 
fium', thence; to compute th^ con- 
tent of each, as if it w^is- acylin- 
-der of that mean diameter j and to 
give, their fum as the content of the 
:yc;irel. From the total, consent 
computed in this manner they fub- 
■ftra^ fucce0iyely th(?. numbers 
which expreis the circular areas 
that correipond to thofe mean di- 
meters, eacn as often: as there are 
inches in the altitude of the fru~ 
fiftm to which it belongs, begin- 
ning with the uppermqft J and in 
this manner calculate a table foir 
the veflel, by which it readily ap- 
pears hpw much liquor is at any 
time contained in it, by taking ei- 
their the dry oir Wet inches j having 
regard to thie inclination 6r drip of 
the velfel when it has any. 
I This method of computing the 

content 
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content of a fru/hm from the dia- 
meter of the fedion at the middle of 
its height is exai^b in that cafe only 
when it is a portion of a parabolic 
conoid ; but in iiich veiTels as are in 
common ufe, the error is not confi- 
derable. When the veflfel is; a porti- 
on of a cone or hyperbolic conoid, 
the content by this method is found 
lels than the truth j but when it is 
a portion of a fpherc or fpheroid, 
the content computed in thiii man- 
ner exceeds the truth. " The dif- 
ference or error is always the fame 
in the different parts of the jfame 
or of fimilar velTeis when the 
altitude of the fruftum is given. 
And when the altitudes are diffe- 
rent, the error is in the triplicate 
ratio oit\it altitude. If exadnefs 
be recSjuired, the error in meafut- 
ing the fruftum o( A. coniCiA. velTel, 
in this manner, is ^ of the con- 
tent of a cone, fimilar to the vef- 
fel, of an altitude equal to the 
T I t height 
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height of the frufium. In a fphere, 
it is ; of a cylinder of a diameter 
and height e<^ual to the frufium. 
In the fpheroid and hyperbolic 
p-onoid, It is the fame as in a cone 
generated by the right-angled tri* 
angle contained by the two femi- 
axes of the figure revolving about 
that fide which is the femi-axis of 
thj8 frufium* Thefe are demon- 
ftrated in % treatife of fluxions by 
Mr. Mac Laur'm, p»%5* and 7^ y . 
where thole theorems are extended 
to frufiumi that are bounded by 
pl$nei obliqae to the axis in all the 
lolids that are generated by any 
conic ie<^ioq revolving about ei^* 
ther a3(is» 

^ In the nfual method of comj»it» 
ing a table for a veffd, by fub* 
diifting from the whole content 
the number that expreiTes the up- 
permoil; area as often 4s there arc 
inches in the nppermoft fruftum^ 
and afterw4Kls the numbers for the 

* other 
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other area^ fucceflively, it is ob- 
yioys that the contents affi^ned 
by the table, when a few ot the 
uppermoft inches are dry, are fta- 
ted a little too high, if the veffel 
ftands on its leiier bafe, but too 
low when it ftands on its greater 
bafe; becaufe, when one inch is 
dry, for example, it is not the a- 
rea at the middle of the upper- 
ioo^fruftumy but rather the area 
at the middle of the uppermoft 
inch, that ought to be hibduAed 
from the total content, in order to 
find the content in this cafe. 
* XIII. To meafiire round tim- 
ber, let the mean circumference 
be found in feet and decimals of 
a foot; fquare it, multiply this 
iquare by the decimal ^07$^77y 
and the produd by the length. . 
iSy. ]Let the mean circ¥tmference 
of a tree be 10.9 feet, and the 
length Z4 i^&i* Then 10.3 x lo.j 
! ^ *079j77 K 44 «= loa.^ij is the 

* num- 
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* niitnBer. of cubical feet in the tree. 
^ The foundation of this rule is, that 

* when the circumference of a crcle 

* is I, the area is .o75^57747i j, and 

* that the areas of circles are as the 
•* fquares of their circumferences. 

* But the common way ufed by 

* Artificers for meafuring round tim- 

* bcf, differs much from this rule. 
-' They call one fourth pare of the 

* circumference the. gtrt^ which is 
*■ by them reckoned the fide of a 

* fijuare, whofe area is e(]ualtothe 

* area of. the fedrion of the tree ; 

* therefore they Iquare the gtrty and 
-< then multiply by the length of the 
' ' tree. According to their method 

< the tree of the laft example would 

* be . computed at -159.13 cubical 
.* feet only. How'fcjuare timber is 
•^ meafilred, will be eafily under- 
'* flood Ifom the preceeding propo- 
•^ fitions. - Fifty, folid feet o« hewn 

* tittib^r, and forty- of rough timbjjr 
■^ make a load. 

' XIV, 
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* XIV. T6fiird the burc^eiiofa^ 
,.fbip, jor the number of tons it will 
carry, ' the. following rule is com^ 
fldonly giyen.< Multiply the length 
pfpthckeel taken withth board, by 
the breadth of the Jbip. within? 
board, takeii from the -mid-fhip 
, beim ' from- plank to pkok, and 
the produ]6fc > by jthe.'depthrof the 
hold, taken from^ tie plarik below* 
the. keetfon to the-uiider . |>art. of 
\ the upper ; i de(;k plank, and divide 
>the produd* by ^4,. itKe.<|iiotienc 
rjfcs, the content of the toniwge re- 
.quired. : Xhis. rulei however can- 
not be accurate^ tnor, can on^ rule 
be fuppofed to ferVe foi? the 
measuring, cxadly, the' burden of 
ihips of all forts. Of this the 
reader.wiil find more. ii3k' the me- 
moires of the Royal Aicademy of 
Sciences at Fans, fbt the: . year 

< * Our Author having faid nothing 
* pf weightSj it may be ojf,u{e to 

'add 
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add briefly that lAi&EngliJb Trdy- 
pound contains ii ounces^ the 
ounce twenty penny weight, and 
the penny weight 14 grains j that 
the Averditpo'ts pqnnd contains 16* 
ounces, the ounce 16 drams, and 
that III pounds is ufually cal- 
led the hundred weight. It i$ 
commonly fuppofed that 14 pounds 
Auerdupois ^Q equal to 17 pounds 
Troy. According to Mr. Ev^r^ 
ard's experiments, one pound yf- 
wrdupoh is equal to 14 ounces, 
II penny weight and 16' grains 
Troy, that is, to 7000 grains j 
and an Aueirdupots ounce is 437 | 
grains. The Scou Troy pounds 
(which by the Statute 171 S was 
to be the fame with the French) 
is commonly fuppofed ^qual to 
I J T ounces Ettglifh Troy, or 7 j do 
grains. By a mean of the ftan- 
dards kept by the Dean of Gild of 
Ed'tftburgh^ it is 759^ t«, or 7600 
grains. They who have meafur- 

• ed 
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ed the ti^dghts which were fetit 
from London, after the Union of 
the Kingdoms, to be the ftandaids 
by whicn the weights in Scotland 
fhould be madej have found the 
Englijh Auerdupo'ts pound (from a 
medium of the feveral weights) 
to weigh- 7000 grains^ the fame as 
Mr. Everard-y according to which 
the Scots, Parts or Amfierdam 
pound will be to the pound Aver^ 
dupo'ts as 38 to 3 J. The Scots \ 

Troy ftone contains 16 pounds, 
the pound two marks or 1 6 ounces, 
an ounce 16 drops^ a drop 9 5 ■ 
grains. Twenty Scots ounces make 
a Trone pound ^ but becaufe it is m 
ufiial to allow one to the fcore, the V 
Trone pound is commonly ir ■ 

ounces. Sir John Skene however 
makes the Trone ftone to con- 
tain only ipi pounds* 
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